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Zh frqvlghu d vlpsoh hqylurqphqw lq zklfk lqglylgxdov uhfhlyh lqfrph vkrfnv wkdw duh xqre0
vhuydeoh wr rwkhuv dqg fdq sulydwho| vwruh uhvrxufhv1 Zh vkrz wkdw wklv delolw| wr sulydwho|
vwruh fdq xqghufxw wkh delolw| wr vkliw uhvrxufhv dfurvv lqglylgxdov wr wkh h{whqw wkdw wkh
h!flhqw doorfdwlrq rqo| lqyroyhv frqvxpswlrq vprrwklqj ryhu wlph/ dv rssrvhg wr lqvxudqfh
+frqvxpswlrq vprrwklqj ryhu vwdwhv, li wkh udwh ri uhwxuq rq vdylqjv lv qrw wrr idu ehorz wkh
udwh ri wlph suhihuhqfh/ ru/ dowhuqdwlyho|/ li wkh zruvw srvvleoh rxwfrph lv vx!flhqwo| gluh1
Zh dovr vkrz wkdw xqolnh hqylurqphqwv zlwkrxw xqrevhuydeoh vwrudjh/ wkh v|pphwulf h!flhqw
doorfdwlrq lv ghfhqwudol}deoh wkurxjk d frpshwlwlyh dvvhw pdunhw lq zklfk lqglylgxdov wudgh
ulvn0iuhh erqgv dprqj wkhpvhoyhv1

�Zh zrxog olnh wr wkdqn Fkulvwrskh Fkdpoh|/ Y1Y1 Fkdul/ Hg Juhhq dqg Wlp Nhkrh iru frpphqwv dqg
vxjjhvwlrqv1 Wkh ylhzv h{suhvvhg khuhlq duh wkh wkrvh ri wkh dxwkruv dqg qrw qhfhvvdulo| wkrvh ri wkh Ihghudo
Uhvhuyh Edqn ri Plqqhdsrolv ru wkh Ihghudo Uhvhuyh V|vwhp1



41 Lqwurgxfwlrq

Wkhuh lv d zlgh erg| ri hpslulfdo hylghqfh wkdw lqglfdwhv wkdw wkh frpsohwh pdunhwv

sdudgljp surylghv dq lqdghtxdwh ghvfulswlrq ri wkh furvv0vhfwlrqdo ehkdylru ri lqglylgxdo frq0

vxpswlrq1 Lqvwhdg/ d frqvhqvxv ylhz dsshduv wr eh wkdw wkh gdwd rq lqglylgxdo frqvxpswlrq

duh pruh frqvlvwhqw zlwk wkh suhglfwlrqv ri d g|qdplf lqfrpsohwh pdunhwv prgho lq zklfk

lqglylgxdov fdqqrw gluhfwo| lqvxuh wkhpvhoyhv djdlqvw lqfrph ulvn exw lqvwhdg duh rqo| deoh

wr ex| dqg vhoo ulvn0iuhh erqgv ryhu wlph zkloh idflqj d vkruw0vdohv olplw14 Krzhyhu/ wkh uh0

vwulfwlrqv rq dvvhw wudgh lq wklv w|sh ri prgho odfn h{solflw plfur0irxqgdwlrqv1 Lqvwhdg/ dv

lq Jhdqdnrsorv +4<<3,/ lw lv w|slfdo wr uhihu orrvho| wr ydulrxv idfwruv/ wkh prvw lpsruwdqw

ri zklfk duh wkh prudo kd}dug ru dgyhuvh vhohfwlrq frqvlghudwlrqv dulvlqj iurp lqfrpsohwh

lqirupdwlrq15

Xqiruwxqdwho|/ wklv orrvh prwlydwlrq kdv qrw vxuylyhg uljrurxv vfuxwlq|1 Lq sduwlfxodu/

Juhhq +4<;:, vkrzv wkdw wkh h!flhqw doorfdwlrq ri frqvxpswlrq lq dq hqylurqphqw zlwk

xqrevhuydeoh lqglylgxdo lqfrph lv frqvlghudeo| gl�huhqw iurp wkh htxloleulxp doorfdwlrq ri

dq| g|qdplf lqfrpsohwh pdunhwv prgho16 Klv uhvxowv kdyh ehhq h{whqghg e| Wkrpdv dqg

Zruudoo +4<<3,/ Skhodq dqg Wrzqvhqg +4<<4,/ Dwnhvrq dqg Oxfdv +4<<5,/ dqg rwkhuv wr

4Dprqj rwkhuv/ vhh ]hoghv +4<;<,/ Frfkudqh +4<<4,/ Fduuroo +4<<5,/ Ghdwrq +4<<5,/ Ghdwrq dqg Sd{vrq
+4<<7, dqg Kd|dvkl/ Dowrqml dqg Nrwolnr� +4<<9,1 Vlplodu qhjdwlyh �qglqjv kdyh ehhq irxqg dw pruh djjuhjdwh
ohyhov> iru h{dpsoh/ Edfnxv/ Nhkrh dqg N|godqg +4<<5, grfxphqw wkdw frqvxpswlrq lv ohvv fruuhodwhg wkdq
rxwsxw dfurvv frxqwulhv1

5Rwkhu idfwruv lqfoxgh qrq0frqfxuuhqw olih vsdqv dqg wudqvdfwlrqv frvwv1 Ri wkhvh/ rqo| wkh sureohpv dulvlqj
iurp lqfrpsohwh lqirupdwlrq vhhp fdsdeoh ri udwlrqdol}lqj wkh vsduvh qdwxuh ri lqfrph lqvxudqfh srvvlelolwlhv
dvvxphg zlwklq wklv olwhudwxuh1 Wudqvdfwlrqv frvwv kdyh d kdug wlph h{sodlqlqj zk| wkhuh duh pdq| vwdwh
frqwlqjhqw exvlqhvv frqwudfwv exw vr ihz lqfrph lqvxudqfh frqwudfwv/ hvshfldoo| vlqfh wkh errnnhhslqj frvwv
dvvrfldwhg zlwk vxfk frqwudfwv kdyh vwhdglo| ghfolqhg1 Wkh h{lvwhqfh ri qrq0frqfxuuhqw olihvsdqv rqo| uxohv
rxw d yhu| olplwhg vhw ri wudghv/ dqg grhv qrw uxoh rxw sduwldo lqfrph lqvxudqfh/ jlyhq rqh*v lqlwldo frqglwlrqv1

6Juhhq +4<;:, fkdudfwhul}hv wkh h!flhqw doorfdwlrqv lq pxowl0shulrg hqylurqphqwv lq zklfk lqglylgxdov
kdyh xqrevhuydeoh lqfrph vkrfnv/ dqg ixuwkhu vkrzv wkdw wkhvh h!flhqw doorfdwlrqv duh Sduhwr vxshulru wr
dq| doorfdwlrq lpsohphqwhg e| frpshwlwlyh xqprqlwruhg wudgh ri d vhw ri vhfxulwlhv +qr pdwwhu krz elj ru
vpdoo wklv vhw pljkw eh,1



vhwwlqjv zlwk xqrevhuydeoh surgxfwlylw| ru suhihuhqfh vkrfnv17 Vlpso| sxw/ wkh ohvvrq ri wklv

olwhudwxuh lv wkdw dv|pphwulf lqirupdwlrq dorqh grhv qrw udwlrqdol}h wkh xvh ri lqfrpsohwh

vhfxulw| pdunhwv wr doorfdwh uhvrxufhv1

Lq wklv sdshu/ zh frqvlghu wkh v|pphwulf h!flhqw doorfdwlrq ri uhvrxufhv lq dq hqylurq0

phqw zlwk wzr iulfwlrqv1 Iluvw/ dv lq Juhhq +4<;:,/ lqglylgxdo lqfrph lv sulydwh lqirupdwlrq1

Vhfrqg/ xqolnh Juhhq +4<;:, ru wkh vxevhtxhqw olwhudwxuh/ lqglylgxdov fdq sulydwho| vwruh zlwk0

rxw wkh nqrzohgjh ri rwkhuv1 Zh vkrz wkdw wklv delolw| wr sulydwho| vwruh juhdwo| xqghufxwv

wkh delolw| wr vkliw uhvrxufhv dfurvv lqglylgxdov1 Khqfh dq h!flhqw doorfdwlrq rqo| lqyroyhv

frqvxpswlrq vprrwklqj ryhu wlph/ dv rssrvhg wr lqvxudqfh +frqvxpswlrq vprrwklqj ryhu

vwdwhv, li wkh udwh ri uhwxuq rq vwrudjh lv qrw wrr pxfk ohvv wkdq wkh udwh ri wlph suhihuhqfh/

ru/ dowhuqdwlyho|/ li wkh zruvw srvvleoh rxwfrph lv vx!flhqwo| gluh1 Zh xvh wklv fkdudfwhul}dwlrq

ri d v|pphwulf h!flhqw doorfdwlrq wr suryh wkdw lw lv htxlydohqw wr wkh xqltxh htxloleulxp door0

fdwlrq ri d g|qdplf lqfrpsohwh pdunhwv hfrqrp| lq zklfk lqglylgxdov frpshwlwlyho| wudgh lq

qrq0frqwlqjhqw erqgv dw hdfk gdwh dv lq Ehzoh| +4<<6,/ Kxjjhww +4<<6, dqg Dl|djdul +4<<7,1

Wkhuh lv d vlpsoh lqwxlwlrq iru rxu uhvxow1 Li wkh udwh ri uhwxuq rq vwrudjh lv vx!flhqwo|

kljk ru li wkh zruvw srvvleoh rxwfrph ri lqglylgxdo lqfrph lv vx!flhqwo| orz/ wkhq lw lv h!flhqw

iru vrflhw| wr vwruh uhvrxufhv wr khos lqglylgxdov djdlqvw lglrv|qfudwlf ulvn1 Ehfdxvh ri wkh

srvlwlyh vrfldo vwrudjh/ lw lv lqh!flhqw iru dq| djhqw wr eh fuhglw0frqvwudlqhg e| klv rzq

wudqvihu vfkhph/ ru/ d iruwlrul/ e| wkh wudqvihu vfkhph uhfhlyhg e| vrpherg| zlwk d orzhu

lqfrph1 +Khuh/ zh xvh �fuhglw0frqvwudlqhg� wr uhihu wr lqglylgxdov iru zkrp wkh pxowlsolhu

7Wkhuh lv d ulfk olwhudwxuh rq g|qdplf lqfhqwlyh frqwudfwv lq vhwwlqjv zlwk sulydwh lqirupdwlrq/ exw zlwkrxw
vwrudjh ru fdslwdo dffxpxodwlrq1 Rwkhu lpsruwdqw frqwulexwlrqv lqfoxgh Vshdu dqg Vulydvwdyd +4<;:,/ Deuhx/
Shdufh dqg Vwdffkhwwl +4<<3,/ Wdxe +4<<3,/ Juhhq dqg Rk +4<<4,/ Dwnhvrq dqg Oxfdv +4<<8,/ Dl|djdul dqg
Doyduh} +4<<8,/ Skhodq +4<<8,/ dqg Zdqj +4<<8,1

5



rq wkh frqvwudlqw jxdudqwhhlqj qrqqhjdwlyh vwrudjh lv srvlwlyh1,

Khqfh/ rq wkh rqh kdqg/ wr eh h!flhqw dqg lqfhqwlyh0frpsdwleoh/ wkh qhw suhvhqw ydoxh

ri wkh wudqvihuv uhfhlyhg e| kljk lqfrph lqglylgxdov pxvw eh dw ohdvw dv odujh dv wkh qhw suhvhqw

ydoxh ri wkh wudqvihuv uhfhlyhg e| orz lqfrph lqglylgxdov1 Rq wkh rwkhu kdqg/ ulvn0vkdulqj

frqvlghudwlrqv lpso| wkdw lw lv lqh!flhqw iru kljk lqfrph lqglylgxdov wr uhfhlyh pruh qhw

suhvhqw ydoxh wkdq orz lqfrph lqglylgxdov1 Lw iroorzv wkdw wkh qhw suhvhqw ydoxh ri doo wudqvihu

vfkhphv vkrxog eh wkh vdph dfurvv doo lqglylgxdov +wkdw lv/ }hur,1 Jlyhq wklv uhvwulfwlrq/ wkh

h!flhqw doorfdwlrq kdv wr fruuhvsrqg wr wkh htxloleulxp doorfdwlrq1

Dwnhvrq +4<<4,/ Pdufhw dqg Pdulprq +4<<5,/ dqg Nkdq dqg Udylnxpdu +4<<9, fkdu0

dfwhul}h h!flhqw doorfdwlrqv lq hqylurqphqwv zlwk g|qdplf dffxpxodwlrq ri uhvrxufhv dqg

sulydwh lqirupdwlrq1 Krzhyhu/ lq doo ri wkhlu prghov/ doo sd|r�0uhohydqw vwdwh yduldeohv duh

revhuydeoh dw wkh ehjlqqlqj ri hdfk shulrg1 Lq frqwudvw/ lq rxu prgho/ lqglylgxdo vwrudjh

ohyhov duh dq xqrevhuydeoh vwdwh yduldeoh1 Wklv gl�huhqfh irufhv xv wr ghyhors d qhz olqh ri

dwwdfn uhodwlyh wr wkh fxuuhqw olwhudwxuh1

Lw lv lpsruwdqw wr hpskdvl}h wkdw/ ghvslwh d vxshu�fldo vlplodulw|/ rxu prgho lv lq idfw

frqvlghudeo| gl�huhqw iurp wkrvh ri Doohq +4<;8, dqg Ixghqehuj/ Kropvwurp/ dqg Plojurp

+IKP, +4<<3,1 Wkhvh sdshuv fkdudfwhul}h rswlpdo sulqflsdo0djhqw frqwudfwv lq g|qdplf vhw0

wlqjv lq zklfk erwk sduwlhv duh doorzhg wr iuhho| eruurz dqg ohqg zlwkrxw wkh nqrzohgjh

ri wkh rwkhu18 Exw eruurzlqj dqg ohqglqj frqwudfwv w|slfdoo| uhtxluh vrph nlqg ri rxwvlgh

hqirufhphqw/ zklfk lq wxuq uhtxluhv wkdw wkh| eh revhuydeoh e| vrph djjuhjdwh lqvwlwxwlrq1

8Lq Doohq*v prgho/ dv lq rxuv/ wkh djhqw uhfhlyhv lqfrph wkdw lv qrw revhuyhg e| wkh sulqflsdo1 Lq vxfk
dq hqylurqphqw/ li wkh djhqw lv doorzhg wr iuhho| eruurz dqg ohqg zlwkrxw wkh nqrzohgjh ri wkh sulqflsdo/
wkhq rqo| wkh Zdoudvldq rxwfrph lv lq idfw lqfhqwlyh0ihdvleoh1 Lq wkh vhwwlqj wkdw zh vwxg|/ zlwk xqrevhuydeoh
vwrudjh/ wkhuh duh pdq| lqfhqwlyh0ihdvleoh rxwfrphv zlwk elqglqj uhvrxufh frqvwudlqwv> rxu pdlq uhvxow lv wkdw
wkh Zdoudvldq doorfdwlrq lv lq idfw h!flhqw uhodwlyh wr wkh rwkhu lqfhqwlyh0ihdvleoh rxwfrphv1

6



Li zh htxdwh wkh djjuhjdwh lqvwlwxwlrq xqghuwdnlqj wkh wudqvihu v|vwhp zlwk d qdwlrqdo jry0

huqphqw/ wkhq wklv lv d vhulrxv zhdnqhvv ri Doohq*v dqg IKP*v prghov/ vlqfh wklv lv wkh vdph

lqvwlwxwlrq zklfk hqirufhv grphvwlf frqwudfwv1 Sulydwh vwrudjh grhv qrw jlyh ulvh wr dq| qhhg

iru rxwvlgh hqirufhphqw1

Shukdsv pruh lpsruwdqwo|/ dqrwkhu lqwhusuhwdwlrq ri sulydwh vwrudjh lv wkdw lw uhsuh0

vhqwv wkh delolw| wr vdyh zlwk vrph rwkhu djhqw zklfk wkh djjuhjdwh lqvwlwxwlrq fdqqrw revhuyh1

Xqghu wklv lqwhusuhwdwlrq/ wkhuh lv vrph sduw| wkdw lvvxhv ixoo| hqirufhdeoh ghew frqwudfwv1

D zhoo0nqrzq h{dpsoh ri vxfk djhqwv duh wkh Vzlvv edqnv zkr doorz doprvw dq|rqh wr vdyh

zlwk wkhp dqg nhhs wkh pdjqlwxghv ri wkhvh vdylqjv dqrq|prxv1 Lw lv dq lqwhuhvwlqj txhvwlrq

dv wr krz wkhvh frxqwulhv kdyh ryhufrph wkhlu lqfhqwlyh wr uhsxgldwh wklv ghew/ exw wkhlu

kdylqj grqh vr wr d vljql�fdqw ghjuhh vhhpv xqfrqwhvwdeoh1 Khqfh iurp wkh shuvshfwlyh ri d

XV lqvwlwxwlrq/ wklv delolw| wr vdiho| vdyh deurdg lq d pdqqhu wkdw lv odujho| xqghwhfwdeoh lv

htxlydohqw wr sulydwh vwrudjh19

51 Wkh prgho zruog= ihdvlelolw| dqg h!flhqf|

Wkhuh lv d frqwlqxxp ri lghqwlfdo djhqwv zkr hdfk olyh iru wkuhh shulrgv1 Wkhuh lv d

vlqjoh frqvxpswlrq jrrg lq hyhu| shulrg1 Lq shulrg r/ lqglylgxdo suhihuhqfhv ryhu frqvxpswlrq

vwuhdpv duh uhsuhvhqwdeoh e| wkh xwlolw| ixqfwlrq=

.
r

�[
|'r

q|3r�ES
|

�c

zkhuh zh dvvxph wkdw �E�� lv frqwlqxrxv dqg frqfdyh/ �� lv srvlwlyh dqg frqwlqxrxv/ dqg wkdw

*�4
S<f

��ES� ' 41 Zh dovr dvvxph wkdw � glvsod|v qrqlqfuhdvlqj devroxwh ulvn dyhuvlrq> wklv

9Olp dqg Wrzqvhqg +4<<9, grfxphqw wkh lpsruwdqfh ri fxuuhqf| dqg judlq dv phwkrgv ri vdylqj dqg
glvvdylqj lq vrxwk Lqgldq yloodjhv1 Wrzqvhqg kdv dujxhg wkdw lw vhhpv xqolnho| wkdw lqglylgxdo kroglqjv ri
fxuuhqf| duh revhuydeoh wr rwkhuv lq wkh yloodjh1
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lpsolhv wkdw �� lv vwulfwo| frqyh{1

Lq hdfk shulrg |/ dq lqglylgxdo uhfhlyhv dq xqrevhuydeoh vwrfkdvwlf hqgrzphqw/ w
|

c

zklfk lv gudzq iurp d �qlwh vhw X ' iw�c ���c waj ri qrqqhjdwlyh uhdov1 Zh dvvxph wkdw wkh

suredelolw| ri d gudz lv l1l1g1 erwk dfurvv lqglylgxdov dqg dfurvv wlph/ dqg wkdw wkh suredelolw|

ri dq lqglylgxdo*v uhfhlylqj hqgrzphqw w� lv Z
�

: f> zh dovr dvvxph wkdw w� 	 w�n�1

Jrrgv duh vwrudeoh/ zlwk jurvv uhwxuq htxdo wr - : f1 Lqglylgxdov fdq vwruh jrrgv lq

d sulydwh vwrudjh xqlw wkdw lv xqrevhuydeoh wr rwkhuv/ ru lq d sxeolf vwrudjh idflolw| wkdw lv

revhuydeoh wr doo1 Zh gh�qh dq doorfdwlrq wr eh d wulsoh ri lqglylgxdo frqvxpswlrq ixqfwlrqv

ES
�
c S

2
c S

�
�/ zkhuh S

|

pdsv X| lqwr wkh qrqqhjdwlyh uhdov/ dqg d sdlu ri lqglylgxdo vwrudjh

ixqfwlrqv Er
�
c r

2
�/ zkhuh r

|

pdsv X| lqwr wkh qrqqhjdwlyh uhdov1 Dq doorfdwlrq lv sk|vlfdoo|

ihdvleoh li lq hdfk shulrg/ wkh shu fdslwd ohyhov ri frqvxpswlrq dqg vwrudjh duh ohvv wkdq ru

htxdo wr wkh vxp ri shu fdslwd hqgrzphqwv dqg wkh shu fdslwd surfhhgv iurp vwrudjh lq wkh

sulru shulrg1

Dq doorfdwlrq phfkdqlvp lv d ghvfulswlrq ri krz uhvrxufhv duh wr eh glvwulexwhg dfurvv

djhqwv1 Vshfl�fdoo|/ dq doorfdwlrq phfkdqlvp frqvlvwv ri d phvvdjh vsdfh �/ d vhtxhqfh ri

wudqvihu ixqfwlrqv E�
�
c �

2
c �

�
� vxfk wkdw �

|

pdsv �| lqwr wkh uhdov/ dqg d sdlu ri vwrudjh ohyhov

E7
�
c 7

2
�1 Lq hdfk shulrg/ diwhu uhfhlylqj klv hqgrzphqw/ dq djhqw vhqgv d phvvdjh +vrph

vhohfwlrq iurp �, wr d vrfldo sodqqhu> wkh wudqvihu ixqfwlrqv wkhq ghwhuplqh wkh wudqvihu ri

frqvxpswlrq wr eh pdgh wr wkh djhqw edvhg rq klv fxuuhqw dqg sdvw phvvdjhv1 +Ri frxuvh/

wkh wudqvihu pd| eh qhjdwlyh/ lq zklfk fdvh wkh djhqw jlyhv uhvrxufhv wr wkh sodqqhu1, Wkh

sodqqhu wkhq sxeolfo| vwruhv wkh dprxqw ri jrrgv vshfl�hg e| wkh phfkdqlvp lq wkh sxeolf

vwrudjh idflolw|1 +Wkurxjkrxw wkh sdshu/ 7
|

uhsuhvhqwv sxeolf vwrudjh dqg r
|

uhsuhvhqwv sulydwh

vwrudjh1,

8



Dq doorfdwlrq lv lqfhqwlyh0ihdvleoh li lw lv lpsohphqwhg e| vrph doorfdwlrq phfkdqlvp>

wkdw lv/ wkh doorfdwlrq lv wkh Ed|hvldq0Qdvk htxloleulxp rxwfrph ri djhqwv* sod|lqj wkh jdph

gh�qhg e| wkh phfkdqlvp1 Lw lv vlpsoh wr vkrz wkdw wkh Uhyhodwlrq Sulqflsoh dssolhv khuh1

Khqfh/ zh fdq �qg wkh frpsohwh vhw ri lqfhqwlyh0ihdvleoh doorfdwlrqv ri uhvrxufhv e| uhvwulfwlqj

dwwhqwlrq wr lqfhqwlyh0frpsdwleoh phfkdqlvpv lq zklfk wkh phvvdjh vsdfh � lv wkh vdph dv

wkh vsdfh X ri hqgrzphqw uhdol}dwlrqv/ dqg lq zklfk lw lv zhdno| rswlpdo iru hyhu| lqglylgxdo

wr dqqrxqfh klv wuxh uhdol}dwlrq ri w jlyhq wkdw kh kdv dozd|v grqh vr lq wkh sdvw1

Jlyhq wklv vwdqgdug uhvxow/ dq doorfdwlrq ES
�
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2
c S
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c r
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2
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Wkh odvw �yh frqglwlrqv +60:, jxdudqwhh wkdw wkh doorfdwlrq lv sk|vlfdoo| ihdvleoh1 Wkh

lqfhqwlyh frqvwudlqw +5, hqvxuhv wkdw wkh phfkdqlvp lv lq idfw lqfhqwlyh0frpsdwleoh e| uh0

txlulqj wkdw wuxwk0whoolqj lv rswlpdo1 Wkh h{0dqwh irup ri wkh lqfhqwlyh frqvwudlqw pd| vhhp

xqidploldu wr vrph uhdghuv1 Ehfdxvh shulrg | dfwlrqv duh doorzhg wr eh duelwudu| ixqfwlrqv

ri shulrg | lqirupdwlrq/ wklv h{0dqwh lqfhqwlyh frqvwudlqw lv htxlydohqw wr zulwlqj grzq d

vhtxhqfh ri h{0srvw lqfhqwlyh frqvwudlqwv1

Wkh lqfhqwlyh frqvwudlqw hpehgv wkh lghd wkdw wr hqvxuh wkdw wuxwk0whoolqj lv rswlpdo/

zh kdyh wr wudfh rxw wkh ixoo lpsolfdwlrqv ri ghyldwlqj iurp wuxwk0whoolqj1 Lw lv lpsruwdqw wr

qrwh wkdw wkh suhvhqfh ri wkh xqrevhuydeoh vwrudjh pdnhv wklv wdvn pruh gl!fxow1 Zlwkrxw

xqrevhuydeoh vwrudjh/ dq lqglylgxdo �qgv wuxwk0whoolqj rswlpdo hyhq li kh kdv ghihfwhg iurp

wuxwk0whoolqj lq wkh sdvw1 Lq wkh hqylurqphqw wkdw zh duh vwxg|lqj/ idlolqj wr dqqrxqfh wkh

wuxwk pd| ohdg wkh lqglylgxdo wr fkdqjh klv ohyho ri vwrudjh/ dqg pd| wkhuhe| d�hfw zkhwkhu

kh �qgv wuxwk0whoolqj rswlpdo lq wkh iroorzlqj shulrgv1 Lq wkh odqjxdjh ri Juhhq +4<;:,/ lw lv

qrw wuxh wkdw lq wklv hqylurqphqw/ whpsrudu| lqfhqwlyh0frpsdwlelolw| lpsolhv ixoo lqfhqwlyh0

frpsdwlelolw|1

Rxu jrdo lq wklv sdshu lv wr fkdudfwhul}h wkh vhw ri v|pphwulf h!flhqw lqfhqwlyh0ihdvleoh

doorfdwlrq+v, +wkdw lv/ h!flhqw doorfdwlrqv lq zklfk doo lqglylgxdov uhfhlyh wkh vdph h{0dqwh

xwlolw|,1 Jlyhq wkh v|pphwu| uhvwulfwlrq/ wkhvh doorfdwlrqv zloo eh wkh vroxwlrq wr
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Lw lv qrw reylrxv krz wklv sureohp fdq eh pdgh uhfxuvlyh1 Wklv lv ehfdxvh wkhuh lv

qrw d vhw ri sxeolfo| revhuydeoh vwdwh yduldeohv xsrq zklfk zh fdq frqglwlrq wkdw lv vx!flhqw

wr ghwhuplqh lqglylgxdo rxwfrphv iurp wkdw srlqw rqzdugv1 Lq wkh sdshuv e| Juhhq +4<;:,

dqg Dwnhvrq dqg Oxfdv +4<<5,/ wkh frqwlqxdwlrq xwlolw| ohyho surplvhg xqghu wkh phfkdqlvp/

frqglwlrqdo xsrq wkh klvwru| ri sdvw uhsruwv/ zdv vx!flhqw1 Krzhyhu/ vlqfh gl�huhqw ohyhov ri

sulydwh vwrudjh zloo ohdg lqglylgxdov wr ydoxh gl�huhqw vhtxhqfhv ri wudqvihuv gl�huhqwo|/ wklv

lv qrw srvvleoh lq rxu vhwwlqj1 Lq Nkdq dqg Udylnxpdu +4<<9, wkh ohyho ri vwrudjh lv sxeolf

lqirupdwlrq/ dqg khqfh wkh vwdwh fdq eh wdnhq wr eh wkh ohyho ri vwrudjh � wkh xwlolw| surplvh1

Krzhyhu/ vlqfh khuh vwrudjh fdq eh sulydwh lqirupdwlrq/ wklv lv qrw srvvleoh1 Wklv zloo irufh

xv wr wdnh d gl�huhqw dssurdfk wr fkdudfwhul}lqj wkh v|pphwulf h!flhqw doorfdwlrq1

61 Fkdudfwhul}lqj h!flhqw doorfdwlrqv

Lq wklv vhfwlrq/ zh fkdudfwhul}h wkh vhw ri v|pphwulf h!flhqw doorfdwlrqv zkhq hlwkhu

wkh jurvv uhwxuq rq vwrudjh lv forvh wr wkh lqyhuvh ri wkh glvfrxqw idfwru/ ru wkh orzhu erxqg

ri wkh vxssruw ri wkh hqgrzphqw glvwulexwlrq lv forvh wr }hur1 Wr gr vr/ zh �uvw zulwh grzq d

vlpsohu pd{lpl}dwlrq sureohp/ zklfk zh zloo odeho �2c lq zklfk wkh frqvwudlqw vhw lv dw ohdvw

dv odujh dv wkh frqvwudlqw vhw lq ��1 Zh fkdudfwhul}h wkh vroxwlrq wr wklv sureohp1 Wkhq/ zh

vkrz wkdw wkh vroxwlrq wr wklv qhz rswlpl}dwlrq sureohp dfwxdoo| olhv lq ��1 Zh wkhuhiruh

frqfoxgh wkdw wkh vroxwlrq wr wkh qhz rswlpl}dwlrq sureohp lv lq idfw wkh vroxwlrq wr ��1

Lq rughu wr vlpsoli| ��c qrwh �uvw wkdw wkh lqfhqwlyh frqvwudlqw +5, lpsolhv wkdw uhsruwv

lq wkh odvw shulrg zloo eh fkrvhq vr dv wr pd{lpl}h wkh ohyho ri wkh wudqvihu/ dqg khqfh lw lv

;



lqfhqwlyh0lqihdvleoh iru wkh wudqvihu ohyho lq wkh wklug shulrg wr ghshqg xsrq wkh uhdol}hg

vkrfn1 Wkhuhiruh/ zlwkrxw orvv ri jhqhudolw|/ zh fdq uhvwulfw wkh wudqvihu lq shulrg wkuhh wr

vlpso| eh d ixqfwlrq ri wkh �uvw wzr vkrfnv dqg gurs wklv lqfhqwlyh frqvwudlqw hqwluho|1

Wkh qh{w sursrvlwlrq dovr doorzv xv wr vlpsoli| pxfk ri wkh iroorzlqj glvfxvvlrq1

Sursrvlwlrq 41 Jlyhq dq| lqfhqwlyh0ihdvleoh doorfdwlrq/ wkhuh h{lvwv dq lqfhqwlyh0frpsdwleoh

phfkdqlvp zklfk lpsohphqwv wkh vdph frqvxpswlrq doorfdwlrq dqg xqghu zklfk doo lqglylg0

xdov �qg lw rswlpdo qrw wr vwruh1

Surri1 Dvvxph wkdw zh kdyh dq lqfhqwlyh0frpsdwleoh phfkdqlvp ri wkh irup E�
�
c �

2
c �

�
c 7

�
c 7

2
�1

Vxssrvh wkdw xqghu wklv phfkdqlvp/ lqglylgxdov �qg lw rswlpdo wr fkrrvh vwrudjh ixqfwlrqv
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Zh fodlp wkdw wklv phfkdqlvp lv dovr lqfhqwlyh0frpsdwleoh dqg wkdw lw lpsohphqwv wkh vdph

doorfdwlrq1 Wr vhh zk|/ qrwh wkdw li dq lqglylgxdo dozd|v whoov wkh wuxwk/ kh uhfhlyhv h{dfwo|

wkh vdph frqvxpswlrq vwuhdp li kh qhyhu vwruhv dv kh glg xqghu wkh ruljlqdo phfkdqlvp zkhq

kh vdyhg rswlpdoo|1 Vlqfh kh frxog kdyh fkrvhq wr vwruh pruh xqghu wkh ruljlqdo phfkdqlvp/

dqg glg qrw/ kh zloo fkrrvh qrw wr vwruh lq wklv qhz phfkdqlvp1

<



Zloo dq| lqglylgxdo hyhu olh xqghu wkh qhz phfkdqlvpB Li kh olhv/ wkhq kh uhfhlyhv d

vwuhdp ri frqvxpswlrq wkdw kh frxog kdyh dwwdlqhg xqghu wkh rog phfkdqlvp e| fkrrvlqj wkh

uljkw vwuhdp ri vwrudjh1 Vlqfh kh glg qrw fkrrvh wklv vwuhdp ri frqvxpswlrq/ wkh xwlolw| dvvr0

fldwhg zlwk o|lqj lv qr odujhu xqghu wkh qhz phfkdqlvp wkdq xqghu wkh ruljlqdo phfkdqlvp1

Khqfh/ qr lqglylgxdo �qgv lw rswlpdo wr olh1 �

Frqvlghu wkh iroorzlqj dowhuqdwlyh rswlpl}dwlrq sureohp1
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Wr xqghuvwdqg wklv sureohp/ �uvw uhfdoo wkdw wkh hqgrzphqw uhdol}dwlrqv duh rughuhg

iurp vpdoohvw wr odujhvw1 Vhfrqg/ qrwh wkdw zkhq � ' �c w�3� lv vhw htxdo wr w�� Wklug/ qrwh

wkdw zh kdyh wdnhq dgydqwdjh ri sursrvlwlrq 41 wr uhvwulfw dwwhqwlrq wr vroxwlrqv lq zklfk wkhuh

lv }hur sulydwh vdylqjv1 Ilqdoo|/ qrwh wkdw wkh wklug +odvw, shulrg wudqvihu lv lqghshqghqw ri

wkh odvw shulrg uhsruw wr wkh sodqqhu/ exw fdqqrw eh pruh qhjdwlyh wkdw wkh vpdoohvw srvvleoh

hqgrzphqw ohyho1

Wkh vhw ri frqvxpswlrq doorfdwlrqv wkdw vdwlvi| wkh frqvwudlqwv ri �2 lv odujhu wkdq wkh

vhw ri phfkdqlvpv wkdw vdwlvi| wkh frqvwudlqwv ri wkh ruljlqdo sureohp ��1 Wklv lv ehfdxvh wkh

lqfhqwlyh frqvwudlqwv +44, dqg +45, lq �2 uhtxluh wkdw wkh phfkdqlvp eh urexvw wr d pxfk

vpdoohu vhw ri ghyldwlrqv1 Iluvw/ dq lqglylgxdo fdq rqo| whoo rqh w|sh ri olh derxw klpvhoi= li kh

uhfhlyhv hqgrzphqw uhdol}dwlrq w�/ kh lv doorzhg wr fodlp wkdw kh uhfhlyhg w�3�/ exw kh fdqqrw

fodlp wkdw kh uhfhlyhg dq| rwkhu vkrfn1 +Djhqwv zkr uhfhlyh wkh orzhvw vkrfn uhdol}dwlrq w�

duh qrw doorzhg wr olh dw doo/ exw wkh| duh doorzhg wr dgmxvw wkhlu vdylqj1, Vhfrqg/ diwhu dq

44



lqglylgxdo olhv lq wkh fxuuhqw shulrg/ kh lv uhtxluhg wr whoo wkh wuxwk lq ixwxuh shulrgv/ hyhq

wkrxjk wkdw ehkdylru pd| eh vxerswlpdo1 Lq wkh uhvw ri wklv vhfwlrq/ zh surylgh qhfhvvdu|

frqglwlrqv iru dq| vroxwlrq wr �2 dqg vkrz wkdw wkhvh qhfhvvdu| frqglwlrqv lpso| wkdw dq|

vroxwlrq olhv lq wkh +vpdoohu, frqvwudlqw vhw ri ��1

Zh �uvw suryh wkdw uhvrxufh frqvwudlqwv pxvw elqg lq dq| vroxwlrq wr �2�

Sursrvlwlrq 51 Lq dq| vroxwlrq wr �2/ wkh djjuhjdwh uhvrxufh frqvwudlqwv krog zlwk htxdolw|1

Surri1 Vxssrvh wkh djjuhjdwh uhvrxufh frqvwudlqwv grq*w krog zlwk htxdolw| lq shulrg wkuhh1

Li wklv lv vr/ lq shulrg wkuhh/ jlyh " xqlwv ri frqvxpswlrq wr dq|rqh zkr dqqrxqfhv wkdw kh

uhfhlyhg wkh kljkhvw uhdol}dwlrq ri w lq shulrgv rqh dqg wzr1 E| wkh qdwxuh ri wkh lqfhqwlyh

frqvwudlqwv/ qr djhqw lv doorzhg wr fodlp wkdw kh jrw wkh kljkhvw vkrfn li kh glg qrw/ vr wkh

lqfhqwlyh frqvwudlqwv fdq*w eh ylrodwhg1 Dovr/ jlylqj pruh frqvxpswlrq wr djhqwv lq shulrg

wkuhh zloo qrw ohdg wkhp wr vdyh pruh1 Li wkh uhvrxufh frqvwudlqwv grq*w krog zlwk htxdolw| lq

shulrgv 4 dqg 5/ wkh sodqqhu vkrxog vwruh " xqlwv pruh frqvxpswlrq xqwlo shulrg wkuhh dqg

wkhq jlyh wkhvh h{wud uhvrxufhv wr dq|rqh zkr dqqrxqfhv wkdw kh jrw wkh kljkhvw vkrfn lq

shulrgv rqh dqg wzr1 �

Lq zkdw iroorzv/ wkh srvlwlyh vwrudjh frqglwlrq

7
|

: f iru | ' �c 2+4:,

sod|v d fhqwudo uroh1 Zh suryh wkdw li doo vroxwlrqv wr �2 vdwlvi| wklv frqglwlrq/ wkhq wkh

vroxwlrqv wr �2 dqg �� duh htxlydohqw1 Zh gr vr lq wkuhh vwhsv1 Iluvw/ dq| vroxwlrq wr �2 wkdw

vdwlv�hv wkh srvlwlyh vwrudjh frqglwlrq pxvw vdwlvi| d frqvxpswlrq vprrwklqj frqglwlrq
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wkdw vd|v wkdw lqglylgxdov duh pdujlqdoo| lqgl�huhqw ehwzhhq vwrulqj dqg qrw vwrulqj/ ru
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Zh wkhq suryh wkdw dq| vroxwlrq wr �2 wkdw vdwlv�hv erwk ri wkhvh frqglwlrqv pxvw dovr vdwlvi|

d qhw suhvhqw ydoxh ri wudqvihuv +QSY, frqglwlrq wkdw vd|v wkdw wkh vxp ri doo wudqvihuv/

glvfrxqwhg dw wkh udwh ri uhwxuq rq vwrudjh/ lv wkh vdph dfurvv doo lqglylgxdov uhjdugohvv ri

wkhlu vkrfnv/ dqg khqfh htxdo wr }hur/ ru
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2
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�
Ew�c w��-32 ' f iru doo w� dqg w��+4<,

Wkh wklug vwhs lv wr vkrz wkdw dq| vroxwlrq wr �2 zklfk vdwlv�hv wkhvh wkuhh frqglwlrqv zloo

dovr vdwlvi| wkh lqfhqwlyh frqglwlrq +5, lq ��c dqg khqfh lv d vroxwlrq wr wkdw sureohp lv dv

zhoo1

Wkh iroorzlqj sursrvlwlrq suryhv wkh �uvw vwhs lq wklv fkdlq ri orjlf1 Wkh surri lv

vlpsoh= jlyhq dq doorfdwlrq lq zklfk shu0fdslwd vwrudjh lv srvlwlyh dqg vrph djhqw*v }hur

vwrudjh frqvwudlqw lv elqglqj/ wkhq wkh djhqw*v xwlolw| fdq eh lpsuryhg e| doorzlqj klp wr

�eruurz� e| orzhulqj wkh dprxqw ehlqj vwruhg e| wkh sodqqhu1

Sursrvlwlrq 61 Dq| vroxwlrq wr �2 wkdw vdwlv�hv wkh srvlwlyh vwrudjh frqglwlrq +4:, pxvw

dovr vdwlvi| wkh frqvxpswlrq vprrwklqj frqglwlrq +4;,1

Surri1 Iluvw/ zh vkrz wkdw lq dq| vroxwlrq wr �2 lq zklfk 7
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sk|vlfdoo| ihdvleoh dqg fdq eh xvhg wr lpsuryh h{0dqwh xwlolw|1 Zh vwloo kdyh wr fkhfn wkh

lqfhqwlyh frqvwudlqwv1 Dq| lqglylgxdo zkr uhfhlyhg wkh vkrfn w�n� lq shulrg 2 zrxog qrw

dqqrxqfh w�/ ehfdxvh frqfdylw| lpsolhv wkdw
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Vlploduo|/ dq|rqh zkr uhfhlyhg wkh vkrfn w�n� lq shulrg rqh zrxog qrw dqqrxqfh w� xqghu wklv

qhz phfkdqlvp/ ehfdxvh kh jhwv wkh vdph xwlolw| dv ehiruh iurp dqqrxqflqj w� dqg qrw vwrulqj

diwhu pdnlqj wklv dqqrxqfhphqw/ dqg wkh| jhw ohvv xwlolw| wkdq ehiruh iurp dqqrxqflqj w� dqg

fkrrvlqj dq| srvlwlyh ohyho ri vwrudjh +xvlqj wkh vdph frqfdylw| dujxphqw,1 Ilqdoo|/ dq| djhqw

zkr dqqrxqfhv w� zloo qrw fkrrvh wr vwruh qrz/ ehfdxvh kh lv uhfhlylqj pruh frqvxpswlrq lq

shulrg 2� Khqfh/ doo lqglylgxdov duh pdujlqdoo| lqgl�huhqw ehwzhhq vwrulqj ru qrw lq shulrg 21
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Li 7
�
: fc zh fdq xvh wkh vdph orjlf dv deryh wkdw lqglylgxdov duh pdujlqdoo| lqgl�huhqw

ehwzhhq vwrulqj dqg qrw vwrulqj lq shulrg �1 �

Zh kdyh hvwdeolvkhg rxu �uvw vwhs= li wkh srvlwlyh vwrudjh frqglwlrq lv vdwlv�hg/ wkhq

wkh frqvxpswlrq vprrwklqj frqglwlrq lv vdwlv�hg1 Wkh qh{w vwhs lv wr ghvfuleh krz vroxwlrqv

wr �2 ehkdyh dfurvv vwdwhv ri qdwxuh li wkh srvlwlyh vwrudjh dqg +e| lpsolfdwlrq, frqvxpswlrq

vprrwklqj frqglwlrqv duh vdwlv�hg1 Wkh iroorzlqj sursrvlwlrq suryhv wkdw dq| vroxwlrq wr �2

wkdw vdwlv�hv wkhvh frqglwlrqv kdv wkh ihdwxuh wkdw hyhu| srvvleoh wudqvihu vhtxhqfh kdv wkh

vdph qhw suhvhqw ydoxh +ru ��T ,/ dqg vr frqglwlrq +4<, krogv dv zhoo1

Sursrvlwlrq 71 Dq| vroxwlrq wr �2 wkdw vdwlv�hv wkh srvlwlyh vwrudjh frqglwlrq +4:, dqg

frqvxpswlrq vprrwklqj frqglwlrq +4;, dovr vdwlv�hv wkh ��T frqglwlrq +4<,1

Surri1 Lq Dsshqgl{1�

Wkh surri lv dqdo|wlfdoo| whglrxv/ exw lwv orjlf lv vlpsoh1 Zh �uvw qrwh wkdw dq| wudqvihu

vfkhph wkdw jlyhv dq lqglylgxdo zlwk d orzhu hqgrzphqw vkrfn d kljkhu ��T vhtxhqfh ri

wudqvihuv pxvw olh rxwvlgh wkh frqvwudlqw vhw ri �21 Wkhq zh vkrz wkdw li wkh ��T ri wkh

wudqvihu wr dq lqglylgxdo zlwk d kljkhu hqgrzphqw vkrfn zdv dovr kljkhu/ wkhq lw lv srvvleoh

wr frqvwuxfw d vhw ri dowhuqdwlyh wudqvihuv zklfk |lhog wkh vdph h{0dqwh xwlolw| ohyho dqg vdwlvi|

wkh lqfhqwlyh frqvwudlqwv/ exw uhtxluh ohvv uhvrxufhv1

Sursrvlwlrq 81 Dq| vroxwlrq wr �2 wkdw vdwlv�hv wkh srvlwlyh vwrudjh frqglwlrq +4:, lv d

vroxwlrq wr ��1

Surri1 Wr vhh wklv/ zh qhhg rqo| suryh wkdw dq| vroxwlrq wr �2 wkdw vdwlv�hv wkh srvlwlyh

vwrudjh frqglwlrq pxvw olh lq wkh frqvwudlqw vhw ri ��� Qrwh �uvw wkdw dq| vroxwlrq wr �2
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lq zklfk vwrudjh lv srvlwlyh lq shulrgv � dqg 2 vdwlv�hv wkh ��T surshuw|/ vr doo wudqvihu

vfkhphv gholyhu wkh vdph ��T diwhu dq| klvwru| ri vkrfnv1 Dovr/ li dq djhqw whoov wkh wuxwk/

klv frqvxpswlrq lv rswlpdoo| vprrwkhg1 Khqfh/ djhqwv zhdno| suhihu wr whoo wkh wuxwk dqg

qrw vwruh/ dqg vr wkh frqvwudlqwv ri �� duh vdwlv�hg1�

Wklv sursrvlwlrq hvwdeolvkhv wkh lpsruwdqfh ri wkh srvlwlyh vwrudjh frqglwlrq1 Wr vhh

wklv lq d vwdun zd|/ vxssrvh wkh hqylurqphqw lv vshfl�hg lq vxfk d zd| wkdw doo vroxwlrqv

wr �2 vdwlvi| wkh srvlwlyh vwrudjh frqglwlrq1 Wkhq/ wkh sursrvlwlrq jxdudqwhhv wkdw wkh vhw

ri frqvxpswlrq doorfdwlrqv wkdw vroyh �2 lv h{dfwo| wkh vdph dv wkh vhw ri frqvxpswlrq

doorfdwlrqv wkdw vroyh ��1 Wkxv/ zh nqrz d orw derxw wkh v|pphwulf h!flhqw doorfdwlrqv

+wkdw lv/ wkh vroxwlrqv wr ��, iru dq| vshfl�fdwlrq ri wkh hqylurqphqw lq zklfk doo vroxwlrqv

wr �2 vdwlvi| wkh srvlwlyh vwrudjh frqglwlrq1

Wkh qh{w sursrvlwlrq surylghv wzr vhwv ri frqglwlrqv rq -c q dqg wkh vxssruw ri w wkdw

duh vx!flhqw wr jxdudqwhh wkdw wkh srvlwlyh vwrudjh frqglwlrq lv vdwlv�hg iru dq| vroxwlrq wr

�2� Hvvhqwldoo|/ zh qhhg hlwkhu wkh uhwxuq wr vwrudjh wr eh vx!flhqwo| kljk/ ru wkh orzhvw

srvvleoh uhdol}dwlrq ri w wr eh vx!flhqwo| orz1

Sursrvlwlrq 91 Doo vroxwlrqv wr �2 vdwlvi| wkh srvlwlyh vwrudjh frqglwlrq +4:, li hlwkhu ri

wkh iroorzlqj wzr frqglwlrqv lv vdwlv�hg=

�� - � q3�

��� w� ' f�

+Uhfdoo wkdw w� lv wkh orzhvw srvvleoh uhdol}dwlrq ri w��

Surri1 Lq Dsshqgl{1�

49



Wkh lqwxlwlrq ehklqg fdvh E�� lv wkdw wkh lqfhqwlyh sureohp uhtxluhv lqglylgxdov wr

devrue vrph lglrv|qfudwlf ulvn lqwr wkhlu frqvxpswlrqv1 Wkh suhvhqfh ri wklv lglrv|qfudwlf

ulvn/ frpelqhg zlwk wkh frqyh{lw| ri pdujlqdo xwlolw|/ phdqv wkdw wkh vroxwlrqv wr �2 ihdwxuh

srvlwlyh djjuhjdwh vwrudjh zkhqhyhu - � q3�1 Wkh lqwxlwlrq ehklqg fdvh E��� lv wkdw ehfdxvh

ri wkh lqfhqwlyh sureohp/ wkhuh lv qr lqvxudqfh lq shulrg wkuhh1 Khqfh/ li w� ' fc wkhq lw

lv dozd|v rswlpdo iru vrflhw| wr vwruh iurp shulrgv wzr wr wkuhh wr jxdug djdlqvw wklv edg

rxwfrph1 Zh fdq wkhq xvh edfnzdug lqgxfwlrq wr suryh wkh wkhruhp1

Zh fdq frqfoxgh wkdw xqghu hlwkhu frqglwlrq E�� ru frqglwlrq E���c dq| vroxwlrq wr �2 lv

d vroxwlrq wr ��c dqg khqfh dq| vroxwlrq wr �� pxvw vdwlvi| wkh srvlwlyh vwrudjh frqglwlrq/ wkh

frqvxpswlrq vprrwklqj frqglwlrq dqg wkh ��T frqglwlrq1 Lw lv zruwk qrwlqj wkdw frqglwlrqv

E�� dqg E��� fdq eh uhod{hg1 Vlqfh vwrudjh lv vwulfwo| srvlwlyh/ wkh Wkhruhp ri wkh Pd{lpxp

whoov xv wkdw iru vpdoo fkdqjhv lq wkh udwh ri uhwxuq ru vpdoo fkdqjhv lq w�c shu0fdslwd vwrudjh

pxvw vwloo eh srvlwlyh lq dq| vroxwlrq wr �2� Khqfh/ wkh fkdudfwhul}dwlrqv ri wkh vroxwlrqv wr

�� dqg �2 duh vwloo ydolg iru - vx!flhqwo| forvh wr q3� ru iru w� vx!flhqwo| orz1

Ilqdoo|/ zh zdqw wr vkrz wkdw li lw lv nqrzq wkdw doo vroxwlrqv wr �2 vdwlvi| wkh srvlwlyh

vwrudjh frqglwlrq/ wkhq wkhuh lv lq idfw d xqltxh v|pphwulf h!flhqw doorfdwlrq1 Zh ehjlq e|

vkrzlqj wkdw jlyhq wklv uhtxluhphqw/ dq| doorfdwlrq ri frqvxpswlrq lq d vroxwlrq wr ��

dfwxdoo| vroyhv wkh iroorzlqj rswlpl}dwlrq sureohp1
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Qrwh wkdw wkh remhfwlyh ixqfwlrq lq �� lv vwulfwo| frqfdyh/ dqg wkh frqvwudlqw vhw lv

frqyh{1 Khqfh/ li zh fdq �qg dq hohphqw E�
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� lv wkh xqltxh vroxwlrq wr ���

Qrz/ zh nqrz wkdw wkh remhfwlyh ixqfwlrq lq �2 lv frqwlqxrxv dqg wkh frqvwudlqw vhw

lv frpsdfw1 Khqfh/ wkhuh lv d vroxwlrq wr �21 Pruhryhu/ zh nqrz wkdw dq| vroxwlrq wr �2

wkdw vdwlv�hv wkh srvlwlyh vwrudjh frqglwlrq pxvw dovr vdwlvi| wkh frqvxpswlrq vprrwklqj/ dqg

��T frqglwlrqv1 Wklv phdqv wkdw dq| vroxwlrq wr �2 olhv lq wkh frqvwudlqw vhw ri �� dqg

vdwlv�hv wkh deryh �uvw rughu frqglwlrqv> dq| vroxwlrq wr �2 wkdw vdwlv�hv wkh srvlwlyh vwrudjh

frqglwlrq lv d vroxwlrq wr ��� Zh fdq wkhuhiruh ghgxfh wkh iroorzlqj sursrvlwlrq1

Sursrvlwlrq :1 Li doo vroxwlrqv wr �2 duh nqrzq wr vdwlvi| wkh srvlwlyh vwrudjh frqglwlrq/

wkhq wkh xqltxh vroxwlrq wr �� lv wkh xqltxh vroxwlrq wr �2( dqg ixuwkhupruh doo vroxwlrqv wr
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�� kdyh wkh vdph doorfdwlrq ri frqvxpswlrq dv wklv xqltxh vroxwlrq wr �2 dqg ���

Qrwh wkdw wkhuh duh dozd|v pxowlsoh vroxwlrqv wr �� ehfdxvh wkhuh duh pdq| h!flhqw

zd|v wr glylgh shu0fdslwd vwrudjh ehwzhhq sulydwh dqg sxeolf vwrudjh1 Krzhyhu/ Sursrvlwlrq

:1 jxdudqwhhv wkdw dv orqj dv doo vroxwlrqv wr �2 duh nqrzq wr vdwlvi| wkh srvlwlyh vwrudjh

frqglwlrq/ wkhq doo vroxwlrqv wr �� ihdwxuh wkh vdph doorfdwlrq ri frqvxpswlrq dv lq wkh xqltxh

vroxwlrq wr ���

71 Vxssruwlqj wkh h!flhqw duudqjhphqw

Zh qrz frqvlghu wkh htxloleulxp rxwfrphv ri d g|qdplf lqfrpsohwh pdunhwv hfrqrp|

hpehgghg lq rxu sk|vlfdo dqg lqirupdwlrqdo hqylurqphqw1 Lq wklv wudglqj duudqjhphqw/ lq0

glylgxdov frpshwlwlyho| wudgh frqvxpswlrq dqg ulvn0iuhh rqh shulrg erqgv wkdw duh dydlodeoh

lq }hur qhw vxsso| dw hdfk gdwh1 Wkhuh lv frpsohwh hqirufhphqw lq wklv hfrqrp|> lqglylgxdov

pxvw sd| r� wkhlu ghewv lq hyhu| vwdwh ri wkh zruog/ dqg wkh| fdqqrw hqg wkhlu olyhv lq ghew1

Zh vkrz li doo vroxwlrqv wr �2 duh nqrzq wr vdwlvi| wkh srvlwlyh vwrudjh frqglwlrq +dv lv wuxh/

iru h{dpsoh/ li q- � � ru li w� ' f�c wkhq dq| v|pphwulf h!flhqw doorfdwlrq lv ghfhqwudol}deoh

lq wkh vhqvh wkdw lw lv dq htxloleulxp doorfdwlrq iru wklv lqfrpsohwh pdunhwv hfrqrp|1 Dovr/

zh suryh d sduwldo frqyhuvh wkdw vd|v wkdw li q- � �c ru li w� ' fc wkhq wkhuh lv d xqltxh

htxloleulxp doorfdwlrq dqg lw lv h!flhqw1

Wkh g|qdplf lqfrpsohwh pdunhwv hfrqrp| wdnhv wkh iroorzlqj irup1 Lq hdfk shulrg/

lqglylgxdov wudgh frqvxpswlrq lq h{fkdqjh iru ulvn0iuhh erqgv wkdw surplvh rqh xqlw ri frq0

vxpswlrq qh{w shulrg1 Wkh lqglylgxdov wuhdw lqwhuhvw udwhv +wkdw lv/ wkh uhodwlyh sulfh ehwzhhq

erqgv dqg frqvxpswlrq lq hdfk shulrg, dv jlyhq1 Wkh| ghulyh zhdowk lq d jlyhq shulrg iurp

sxeolf dqg sulydwh vwrudjh/ iurp wkh lqwhuhvw sd|phqwv rq wkhlu erqgv/ dqg iurp wkhlu lqfrph1
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Lqglylgxdov fdq xvh wkhlu zhdowk lq wkuhh zd|v= wkh| fdq vwruh lw sxeolfo| ru sulydwho|/ wkh|

fdq frqvxph lw/ ru wkh| fdq xvh lw wr ex| ru vhoo erqgv1

Khqfh/ lqglylgxdov fkrrvh frqvxpswlrq/ erqgkroglqjv/ sulydwh vwrudjh/ dqg sxeolf

vwrudjh ES
|

c K
|

c r
|

c hr
|

��
|'�

c zkhuh hdfk ri wkh frpsrqhqwv ri wklv yhfwru lv d ixqfwlrq pdsslqj

X| lqwr wkh uhdov1 Wuhdwlqj wkh lqwhuhvw udwhv o
�
dqg o

2
dv �{hg/ wkh lqglylgxdov pdnh wkhvh

fkrlfhv vr dv wr vroyh wkh iroorzlqj sureohp1
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zkhuh . uhsuhvhqwv wkh xqfrqglwlrqdo h{shfwdwlrq ri wkh udqgrp yduldeoh1 Wkh �uvw htxdwlrq

uhtxluhv wkdw shu0fdslwd erqgkroglqjv htxdo }hur/ dqg wkh vhfrqg htxdwlrq uhtxluhv wkdw shu0

fdslwd ghpdqg dqg shu0fdslwd vxsso| duh htxdwhg lq wkh jrrgv pdunhw1
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Jlyhq wklv gh�qlwlrq ri htxloleulxp/ zh fdq suryh wkdw dq| v|pphwulf h!flhqw doorfd0

wlrq lv ghfhqwudol}deoh1

Sursrvlwlrq ;1 Vxssrvh lw lv nqrzq wkdw doo vroxwlrqv wr �2 vdwlvi| wkh srvlwlyh vwrudjh

frqglwlrq1 Wkhq/ wkh xqltxh v|pphwulf h!flhqw doorfdwlrq ri frqvxpswlrq lv d g|qdplf

lqfrpsohwh pdunhwv htxloleulxp doorfdwlrq ri frqvxpswlrq1

Surri1 Zh kdyh douhdg| hvwdeolvkhg wkdw li doo vroxwlrqv wr �2 duh nqrzq wr vdwlvi| wkh

srvlwlyh vwrudjh frqglwlrq/ wkhq wkh xqltxh v|pphwulf h!flhqw doorfdwlrq lv d vroxwlrq wr ���

Vr/ frqvlghu dq| vroxwlrq E�
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Zh fodlp wkdw wklv lv dq htxloleulxp doorfdwlrq lq zklfk wkh htxloleulxp lqwhuhvw udwhv

duh erwk htxdo wr -��1 Zh nqrz wkdw lq wkh vroxwlrq wr ��/ wkh lqglylgxdo*v �uvw rughu frqgl0

wlrqv duh vdwlv�hg ehfdxvh frqvxpswlrq lv vprrwkhg1 Dovr/ wkh djjuhjdwh uhvrxufh frqvwudlqwv

duh vdwlv�hg ehfdxvh wkh shu0fdslwd erqg kroglqjv duh }hur iurp wkh uhvrxufh frqvwudlqwv lq

��1 Zh qhhg rqo| vkrz wkdw wkh vroxwlrq wr �� vdwlv�hv wkh lqglylgxdo exgjhw frqvwudlqwv lq
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wkh dvvhw pdunhw1 Wkh shulrg |  rz frqvwudlqw iroorzv iurp wkh uhdvrqlqj
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Lw iroorzv wkdw wkh doorfdwlrq ri frqvxpswlrq lq wkh vroxwlrq wr �� +wkdw lv/ wr ��, lv

dq htxloleulxp doorfdwlrq ri frqvxpswlrq1�

Ilqdoo|/ zh fdq vkrz wkdw li wkh jurvv udwh ri uhwxuq rq vwrudjh lv dw ohdvw q3�c ru }hur

lv wkh orzhu vxssruw ri wkh hqgrzphqw glvwulexwlrq/ wkhq wkh uhyhuvh krogv dv zhoo1

Sursrvlwlrq <1 Li - � q3�c ru li w� ' fc wkhq dq| g|qdplf lqfrpsohwh pdunhwv htxloleulxp

doorfdwlrq ri frqvxpswlrq lv wkh xqltxh v|pphwulf h!flhqw doorfdwlrq ri frqvxpswlrq1

Surri1 Zh �uvw suryh wkdw li - � q3� ru w� ' fc wkhq doo djhqwv pxvw vprrwk frqvxpswlrq

ryhu wlph lq dq| htxloleulxp doorfdwlrq1 Frqvlghu dq| htxloleulxp doorfdwlrq lq zklfk shu0

fdslwd vwrudjh lv srvlwlyh dw wkh hqg ri shulrg |1 Lw lv lpphgldwh lq vxfk dq htxloleulxp wkdw
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�1 Khqfh/ li shu0fdslwd vwrudjh lv

srvlwlyh/ wkhq doo djhqwv vprrwk frqvxpswlrq1

Qrz vxssrvh wkdw - � q3�1 Vxssrvh wkhuh lv dq htxloleulxp lq zklfk frqvxpswlrq lv

qrw vprrwkhg iurp shulrgv | wr E| n �� iru doo lqglylgxdov1 Wkhq iru vrph klvwru| ri vkrfnv
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dqg vr shu0fdslwd vwrudjh lv srvlwlyh iurp shulrg | wr shulrg E|n ��1 Exw iurp wkh dujxphqw

lq wkh suhylrxv sdudjudsk/ zh nqrz wkdw wklv frqwudglfwv wkh k|srwkhvlv wkdw frqvxpswlrq lv

qrw vprrwkhg iru hyhu|rqh1

Qrz vxssrvh wkdw w� ' f dqg - : f� Vxssrvh wkhuh lv dq htxloleulxp lq zklfk

frqvxpswlrq lv qrw vprrwkhg ehwzhhq shulrgv | dqg E|n�� iru vrph lqglylgxdo1 Lq wklv fdvh/

K
|

� f� Wkhq iru doo w
|

: w�c

��Ew
|

n E� n o
|

�K
|3�

n-Er
|

n hr
|

�� 	 -q.
|

��Ew
|n�

� � -q.
|

��ES
|n�

�c

dqg vr dq| lqglylgxdo zlwk d srvlwlyh lqfrph lq shulrg | zdqwv wr vwruh1 Khqfh/ }hur vwrudjh

fdqqrw rffxu lq htxloleulxp lq wklv fdvh dv zhoo1
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Qh{w/ frqvwuxfw d wudqvihu2vwrudjh vfkhph e| gh�qlqj �
|

� w
|

� S
|

dqg gh�qlqj 7
|

wr eh shu0fdslwd vwrudjh +erwk sxeolf dqg sulydwh, lq htxloleulxp1 Wklv pxvw eh dq hohphqw

ri ��*v frqvwudlqw vhw ehfdxvh wkh ��T ri wkh gl�huhqfh ehwzhhq lqfrph dqg frqvxpswlrq

pxvw eh }hur lq wkh htxloleulxp1 Pruhryhu/ ehfdxvh frqvxpswlrq vprrwklqj lv vdwlv�hg/ wklv

pxvw eh d vroxwlrq wr �� +dqg dovr wr ��,1 Wkxv/ dq| htxloleulxp doorfdwlrq ri frqvxpswlrq

lv h!flhqw1 �

Wkh frqglwlrqv lq sursrvlwlrq <1 duh vx!flhqw exw qrw qhfhvvdu|1 Vlqfh wrwdo vwrudjh

lv vwulfwo| srvlwlyh xqghu wkh frqglwlrqv ri wkh sursrvlwlrq/ zh fdq rqfh djdlq pdnh xv ri wkh

Wkhruhp ri wkh Pd{lpxp wr dujxh wkdw iru uhwxuqv rq vwrudjh forvh wr q3� ru hqgrzphqw

glvwulexwlrqv zkhuh wkh orzhu vxssruw lv forvh wr }hur/ rxu uhvxowv zloo jr wkurxjk1

81 Frqfoxglqj Frpphqwv

Lq wklv sdshu/ zh frqvlghu d vlpsoh hqylurqphqw lq zklfk lqglylgxdov uhfhlyh lqfrph

vkrfnv wkdw duh xqrevhuydeoh wr rwkhuv dqg fdq sulydwho| vwruh uhvrxufhv1 Zh kdyh hvwdeolvkhg

vhyhudo lpsruwdqw fkdudfwhulvwlfv ri h!flhqw duudqjhphqwv iru wklv hqylurqphqw li wkh udwh ri

uhwxuq rq vdylqjv lv qrw wrr pxfk ohvv wkdq wkh udwh ri wlph suhihuhqfh/ ru/ dowhuqdwlyho|/ li wkh

zruvw srvvleoh rxwfrph lv vx!flhqwo| gluh1 Wkh suhvhqfh ri wkh xqrevhuydeoh vwrudjh irufhv

doo h!flhqw duudqjhphqwv wr vprrwk frqvxpswlrq ryhu wlph1 Wklv vhyhuho| uhgxfhv wkh delolw|

ri wkh vrflhw| wr vkduh ulvn/ dv fdq eh vhhq iurp wkh idfw wkdw diwhu dq| klvwru| ri vkrfnv/

wkhuh lv qr wudqvihu ri zhdowk dprqj djhqwv zlwk gl�huhqw hqgrzphqw uhdol}dwlrqv1 Zh dovr

vkrz lq wklv fdvh wkdw wkh v|pphwulf h!flhqw doorfdwlrq lv ghfhqwudol}deoh wkurxjk d g|qdplf

lqfrpsohwh pdunhwv wudglqj duudqjhphqw lq zklfk lqglylgxdov frpshwlwlyho| wudgh ulvn0iuhh

erqgv dprqj wkhpvhoyhv dqg idfh lq�qlwh frvwv ri g|lqj lq ghew1 Wkxv/ dssduhqwo| dg krf
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uhvwulfwlrqv rq wkh vhfxulwlhv dydlodeoh iru wudgh duh frqvlvwhqw zlwk wkh lpsohphqwdwlrq ri wkh

h!flhqw doorfdwlrq lq wklv vhwwlqj1

Zh suryh rxu uhvxowv lq d wkuhh shulrg hqylurqphqw vlqfh wklv doorzv xv wr uhgxfh

wkh qrwdwlrqdo frpsoh{lw|/ dqg vwloo kdyh lw eh hdv| wr vhh krz wr jhqhudol}h rxu uhvxowv wr

dq| �qlwh krul}rq1 Zkloh pdq| ri wkh sdshuv lq wklv olwhudwxuh kdyh xvhg lq�qlwh krul}rq

prghov/ wklv fkrlfh dsshduv wr eh rqh ri dqdo|wlf frqyhqlhqfh1 Wklv lv lq sduwlfxodu wuxh ri

wkh uhvxow wkdw h!flhqw doorfdwlrqv fdqqrw eh ghfhqwudol}hg xvlqj frpshwlwlyh wudgh lq ydulrxv

vhfxulwlhv1 Wkrpdv dqg Zruudoo +4<<3, irupdoo| vkrz wkdw lq wkhlu prgho wkdw wkh lq�qlwh

krul}rq h!flhqw doorfdwlrq lv wkh olplw ri d vhtxhqfh ri h!flhqw doorfdwlrqv ri �qlwh krul}rq

prghov1 H{whqglqj rxu uhvxowv wr dq lq�qlwh krul}rq lv dq lqwhuhvwlqj wrslf iru ixwxuh uhvhdufk1

Vlqfh rxu fxuuhqw uhvxowv ghshqg rq d edfnzdug lqgxfwlrq dujxphqw/ lw lv qrw reylrxv krz

wklv fdq eh grqh1
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Dsshqgl{

Dsshqgl{

D41 Surri ri sursrvlwlrq 71=

Frqvlghu vrph w� dqg vrph w�� Vxssrvh �uvw wkdw lq d vroxwlrq wr �2c �
2
Ew�c w�� n

�
�
Ew�c w��*- 	 �

2
Ew�c w�3�� n �

�
Ew�c w�3��*-� Frqglwlrq +4;, lpsolhv wkdw w�3� djhqwv duh pdu0

jlqdoo| lqgl�huhqw ehwzhhq vwrulqj dqg qrw vwrulqj zkhq wkh| whoo wkh wuxwk1 Wklv phdqv wkdw

vlqfh w� djhqwv uhfhlyh pruh hqgrzphqw lq shulrg 5/ wkh| duh qrw vwrudjh0frqvwudlqhg li wkh|

dqqrxqfh w�3�1 Exw wkhq w� lqglylgxdov vkrxog dqqrxqfh w�3� wr jhw wkh kljkhu ��T wudqvihu

vfkhph1

Qrz vxssrvh wkdw �
2
Ew�c w�� n �

�
Ew�c w��*- : �

2
Ew�c w�3�� n �

�
Ew�c w�3��*-� Vlqfh w�

djhqwv duh qrw vwrudjh0frqvwudlqhg e| hlwkhu wudqvihu vfkhph/ wkh| vwulfwo| suhihu whoolqj wkh

wuxwk wr o|lqj=

�Ew� n �
2
Ew�c w��� n q

[
&

�Ew& n �
�
Ew�c w���Z

&

:+D4,

4@ 
rDf

�Ew� n �
2
Ew�c w�3��� r� n q

[
&

�Ew& n �
�
Ew�c w�3�� n-r�Z

&

Zh fodlp wkdw zh fdq frqvwuxfw d qhz phfkdqlvp wkdw vdwlv�hv wkh frqvwudlqwv ri

�2 dqg lqfuhdvhv wkh remhfwlyh1 Gh�qh d qhz phfkdqlvp E��
2
c ��

�
� zklfk lv lghqwlfdo wr wkh

suhylrxv rqh/ h{fhsw

��
2
Ew�c w�� ' �

2
Ew�c w��� "

��
2
Ew�c w�3�� ' �

2
Ew�c w�3�� n �E"�Z

�

*Z
�3�
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��
�
Ew�c w�� ' �

2
Ew�c w�3���-BE"�

��
�
Ew�c w�3�� ' �

�
Ew�c w�3�� n-�E"�Z

�

*Z
�3�

zkhuh E"c �E"�c �E"�c BE"�� vdwlvi| wkh iroorzlqj uhtxluhphqwv

[
�

d�Ew� n ��
2
Ew�c w��� n q

[
&

�Ew& n ��
�
Ew�c w���Z

&

oZ
�

'
[
�

d�Ew� n �
2
Ew�c w��� n q

[
&

�Ew& n �
�
Ew�c w���Z

&

oZ
�

��Ew� n ��
2
Ew�c w��� ' q-

[
&

��Ew& n ��
�
Ew�c w���Z

&

��Ew�3� n ��
2
Ew�c w�3��� ' q-

[
&

��Ew& n ��
�
Ew�c w�3���Z

&

Khqfh/ wkh qhz phfkdqlvp wdnhv iurp wkh shuvrq zlwk wkh kljkhu hqgrzphqw vkrfn lq shulrg

wzr dqg jlyhv wr wkh shuvrq zlwk wkh orzhu hqgrzphqw vkrfn lq shulrg wzr/ zkloh ohdylqj

xqfkdqjhg wkh h{0dqwh xwlolw| ohyho frqglwlrqdo rq wkh shulrg rqh hqgrzphqw vkrfn1 Wkh

fkdqjhv duh vprrwkhg vr wkdw wkh djhqwv duh pdujlqdoo| lqgl�huhqw ehwzhhq vwrulqj dqg qrw

vwrulqj1

Zh zdqw wr vkrz wkdw wklv qhz phfkdqlvp jlyhv ulvh wr h{wud uhvrxufhv +wkdw fdq

eh jlyhq wr wkh lqglylgxdov lq shulrg wkuhh zkr fodlphg wkh kljk vkrfn lq wkh suhylrxv wzr

shulrgv,1 Wr gr wklv/ zh wrwdoo| gl�huhqwldwh wkh h{0dqwh xwlolw| ri vrphrqh zkr dqqrxqfhg

5:



w� lq shulrg 4 zlwk uhvshfw wr " durxqg " ' f G

f ' ���Ew� n �
2
Ew�c w���Z

�

� q-
[
&

Z
&

��Ew& n �
�
Ew�c w���Z

�

B�Ef�

n��Ew�3� n �
2
Ew�c w�3���Z

�

��Ef� n q-
[
&

Z
&

��Ew& n �
�
Ew�c w�3���Z

�

��Ef�+D5,

' ���Ew� n �
2
Ew�c w���Z

�

E� n B�Ef�� n ��Ew�3� n �
2
Ew�c w�3���Z

�

E��Ef� n ��Ef���

Djhqw � uhfhlyhv pruh frqvxpswlrq lq shulrg 2 wkdq djhqw E����/ ehfdxvh erwk duh vprrwklqj

dqg djhqw � jhwv d kljkhu ��T wudqvihu vfkhph1 Wklv lpsolhv wkdw djhqw �*v pdujlqdo xwlolw|

lv orzhu wkdq E� � ��*v/ dqg vr E� n B�Ef�*-� : E��Ef� n ��Ef�*-�1 Khqfh/ dw ohdvw iru vpdoo "c

wkh qhz phfkdqlvp iuhhv xs uhvrxufhv +qrwh wkdw wklv frqfoxvlrq h{sorlwv wkh uhvxow iurp wkh

deryh Sursrvlwlrq wkdw 7
2
: f,1

Zh qrz zdqw wr vkrz wkdw wkh qhz phfkdqlvp vdwlv�hv wkh wuxwk0whoolqj dqg }hur0

vwrudjh frqvwudlqwv ri �21 Zh nqrz wkdw qhlwkhu w� djhqwv ru w�3� djhqwv zloo zdqw wr vwruh

pruh1 Dv orqj dv " lv vx!flhqwo| vpdoo/ w� djhqwv zloo qrw zdqw wr vzlwfk wr w�3�> dovr/ w�n�

djhqwv zloo qrw vzlwfk wr w� ehfdxvh wkh qhz phfkdqlvp pdnhv dqqrxqflqj w� ohvv dwwudfwlyh

wkdq ehiruh1

Wklv vhuyhv wr yhuli| wkdw wkh qhzphfkdqlvp vdwlv�hv wkh wuxwk0whoolqj dqg }hur0vwrudjh

frqvwudlqwv lq shulrg wzr1 Qrz zh kdyh wr fkhfn shulrg rqh1 Iluvw/ zloo w� djhqwv zdqw wr

vwruh pruhB Wr dqvzhu wklv/ gh�qh

T
2
E` � � 4@ 

Scr

�

�ES� n q
[
&

�Ew& n r�-�Z
&

r�|� Sn r� �`�

Jlyhq dq| phfkdqlvp wkdw vprrwkv frqvxpswlrq iurp shulrg wzr wr shulrg wkuhh/ w|sh �
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djhqwv zloo qrw zdqw wr vwruh li

��Ew� n �
�
Ew��� � -q

[
�

T �

2

E`
�

�Z
�

zkhuh `
�

� w� n �
2
Ew�c w��n �

�
Ew�c w��*-� Zh nqrz wkdw xqghu wkh rog phfkdqlvp/ wkh deryh

pdujlqdo frqglwlrq zdv lq idfw dq htxdolw|1 Wkh qhz phfkdqlvp uhgxfhv`
�

e| "nBE"�*- dqg

lqfuhdvhv `
�3�

e| d�E"� n �E"�*-oZ
�

*Z
�3�

1 Wrwdoo| gl�huhqwldwlqj
S

�

T �

2

E`
�

�Z
�

zlwk uhvshfw

wr " durxqg " ' fc zh jhw

�T ��

2

E`
�

�Z
�

E� n B�Ef�*-� n T ��

2

E`
�3�

�E��Ef� n ��Ef�*-�Z
�

' d�T ��

2

E`
�

�Z
�

*T �

2

E`
�

� n T ��

2

E`
�3�

�Z
�

*T �

2

E`
�3�

o � &c

zkhuh wkh htxdolw| zlwk wkh vhfrqg h{suhvvlrq fdph iurp qrwlqj wkdw +D5, lpsolhv wkdw zh

fdq gh�qh

& � ��Ew� n �
2
Ew�c w���Z

�

E� n B�Ef�*-� ' ��Ew�3� n �
2
Ew�c w�3���Z

�

E��Ef� n ��Ef�*-�c

zkhuh & lv d srvlwlyh qxpehu1 Zh nqrz iurp Qhdyh +4<:4, wkdw li � h{klelwv qrqlqfuhdvlqj

devroxwh ulvn dyhuvlrq/ vr grhv T
2
� Lw iroorzv wkdw vlqfh `

�

: `
�3�

c wkh wrwdo ghulydwlyh lv

qhjdwlyh> iru vpdoo "/ wkh qhz phfkdqlvp pdnhv w� djhqwv ohvv zloolqj wr vwruh lq shulrg ��

Lq shulrg rqh/ gr w�n� djhqwv zdqw wr olh xqghu wkh qhz phfkdqlvpB Li wkh| gr vr/ wkhq

wkh| jhw wkh vdph xwlolw| iurp o|lqj dqg qrw vwrulqj dv wkh| zrxog xqghu wkh rog phfkdqlvp1

Li wkh| olh dqg vwruh/ wkhq e| xvlqj d vlplodu dujxphqw dv lq wkh deryh sdudjudsk/ zh fdq

frqfoxgh wkdw wkh qhz phfkdqlvp jlyhv wkhp ohvv xwlolw| wkdq wkh rog phfkdqlvp1

Wklv suryhv wkdw lq dq| vroxwlrq wr �2/ �
2
Ew�c w�� n �

�
Ew�c w��*- lv lqghshqghqw ri w��

Qrz vxssrvh wkdw lq vrph vroxwlrq wr �2c �
�
Ew�� n �

2
Ew�c w��*- n �

�
Ew�c w��*-2 : �

�
Ew�3�� n

5<



�
2
Ew�3�c w��*- n �

�
Ew�3�c w��*-2� Orzhu �

�
Ew�� e| " xqlwv ri frqvxpswlrq dqg udlvh �

�
Ew�3�c w��

e| -2"Z
�

*Z
�3�

iru doo �1 Vlqfh w� n �
�
Ew�� : w�3� n �

�
Ew�3��c wklv lqfuhdvhv h{0dqwh xwlolw|1 Li "

lv vpdoo hqrxjk/ w� djhqwv zloo qrw zdqw wr olh1 Dovr/ wkh fkdqjh lv ghvljqhg vr wkdw wkh djhqwv

gr qrw zdqw wr vwruh1

Lw iroorzv wkdw wkh ��T ri djhqw w�*v wudqvihu vfkhph pxvw eh qr odujhu wkdq wkdw ri

w�3�1 Krzhyhu/ ehfdxvh dq| vroxwlrq wr �2 vprrwkv frqvxpswlrq/ zh nqrz wkdw wkh ��T ri

djhqw w�*v wudqvihu vfkhph fdq*w eh vpdoohu wkdq wkdw ri w�3�1 Sk|vlfdo ihdvlelolw| wkhq glfwdwhv

wkdw �
�
Ew�� n �

2
Ew�c w��*-n �

�
Ew�c w��*-2 ' f iru doo w� dqg w�1 Wkh wkhruhp iroorzv1 �

D51 Surri ri sursrvlwlrq 91=

Zh �uvw suryh E��� Zh nqrz lqglylgxdov pxvw �qg lw rswlpdo qrw wr vwruh dq| frq0

vxpswlrq iurp shulrg wzr wr shulrg wkuhh> wkxv/

f 5 @h}4@ 
r2Df

�ES
2
� r

2
� n q.

2
�ES

�
n-r

2
��

Wklv lpsolhv wkdw

��ES
2
� � q-.

2
��ES

�
��

Iurp wkh vwulfw frqyh{lw| ri ��E��/ lw iroorzv wkdw .
2
��ES

�
� � ��E.

2
S
�
�c zkhuh wklv lqhtxdolw| lv

vwulfw li S
�
ghshqgv rq shulrg 6 hqgrzphqw vkrfnv +iru dq| uhdol}dwlrq ri hqgrzphqw vkrfnv lq

shulrg 5 ru ehiruh,1 Zh nqrz wkdw iru doo Ew�c w��c S
�
ghshqgv rq w

�
c ehfdxvh �

�
lv lqghshqghqw

ri w
�
� Wklv lpsolhv wkdw

iru doo Ew�c w��c ��ES
2
Ew�c w��� � q-

[
&

Z
&

��ES
�
Ew�c w�c w&�� : ��E

[
&

Z
&

S
�
Ew�c w�c w&��

dqg lq wxuq/ lw iroorzv wkdw

[
�

[
�

[
&

dS
2
Ew�c w��� S

�
Ew�c w�c w&�oZ

�

Z
�

Z
&

	 f
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zklfk lpsolhv wkdw 7
2
: fc vlqfh zh nqrz iurp Sursrvlwlrq 5 wkdw wkh uhvrxufh frqvwudlqwv

krog zlwk htxdolw|1

Zh qrz suryh wkdw 7
�
: f� Zh surfhhg dv zh glg lq uhjdug wr 7

2
� Vxssrvh S

2
Ew�c w�� lv

lqghshqghqw ri w�� IurpSursrvlwlrq 61/ zh nqrz wkdw ��ES
2
Ew�c w��� ' q-

S
&

Z
&

��ES
�
Ew�c w�c w&��c

dqg vr
S

&

Z
&

��ES
�
Ew�c w�c w&�� lv lqghshqghqw ri w�� Lw iroorzv wkdw �

�
Ew�c w�� fdqqrw ghshqg rq

w�� Exw wkhq wkh lqfhqwlyh frqvwudlqwv fdq rqo| eh vdwlv�hg li �
2
Ew�c w�� lv lqghshqghqw ri w�c

zklfk frqwudglfwv wkh k|srwkhvlv wkdw S
2
Ew�c w�� lv lqghshqghqw ri w�� Zh fdq wkhq h{sorlw wkh

frqyh{lw| ri �� dv deryh wr frqfoxgh wkdw 7
�
: f� Wklv frpsohwhv wkh surri ri E���

Zh qh{w suryh E���� Zh nqrz iurp frqglwlrq +49, wkdw �
�
Ew

�

c w
�

� � f iru doo �c � +vlqfh

wkh lqglylgxdo frxog uhfhlyh dq hqgrzphqw ri 3 lq wkh odvw shulrg,1 Qh{w/ zh nqrz iurp

sursrvlwlrq 51 wkdw wkh uhvrxufh frqvwudlqw elqgv lq hyhu| shulrg1 Khqfh lq hdfk shulrg/ hlwkhu

vdylqjv lv srvlwlyh ru frqvxpswlrq lv srvlwlyh iru vrph w|sh1 Li vhfrqg shulrg frqvxpswlrq

zdv }hur iru doo w|shv/ wkhq 7
2
: fc exw li iru vrph �c �c S

2
Ew�c w�� : fc wkhq iru wkhvh djhqwv

��ES
2
Ew

�

c w
�

�� � q-
[
&

Z
&

��Ew& n �
�
Ew�c w����+D6,

Wklv dorqj zlwk wkh dvvxpswlrq wkdw ��Ef� '4 lpsolhv wkdw �
�
Ew

�

c w
�

� : f� Sk|vlfdo ihdvlelolw|

zrxog wkhq whoo xv wkdw 7
2
: f�

Jlyhq wkdw 7
2
lv srvlwlyh/ zh nqrz iurp Sursrvlwlrq 61 wkdw +D6, krogv dv dq htxdolw|1

Zh fdq wkhq surfhhg dv lq wkh surri ri sursrvlwlrq 71 wr hvwdeolvk wkh ��T surshuw| zlwk

uhvshfw wr wkh odvw wzr shulrgv=

�
2
Ew�c w�� n �

�
Ew�c w��*- lv wkh vdph iru doo ��
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Sk|vlfdo ihdvlelolw| glfwdwhv wkdw �
2
Ew�c w�� � f� Khqfh/ iurp rxu ��T surshuw| iru

wkh odvw wzr shulrgv/ dqg jlyhq wkdw �
�
Ew

�

c w
�

� � fc lw iroorzv wkdw=

�
2
Ew�c w�� n �

�
Ew�c w��*- � f iru doo �c+D7,

dqg ixuwkhupruh wkdw wklv lqhtxdolw| lv vwulfw iru dq| E�c �� vxfk wkdw �
2
Ew�c w�� : f�

Iru dq| djhqw w� vxfk wkdw S
�
Ew�� : fc hlwkhu �

2
Ew�c w�� : f ru kh zloo vwruh iru dq|

-1 Khqfh wkh ��T ri wkh wudqvihu vfkhph jrlqj wr Ew�c w�� iurp wkh vhfrqg shulrg rqzdugv

+zklfk lv jlyhq e| D7, lv srvlwlyh1 Wkxv/ 7
�
: f pxvw krog1�

Uhihuhqfhv

^4` Dl|djdul/ Udr1 �Xqlqvxuhg Lglrv|qfudwlf Ulvn dqg Djjuhjdwh Vdylqjv/�Txduwhuo| Mrxuqdo

ri Hfrqrplfv 43<+6,/ +Dxjxvw 4<<7,/ sdjhv 98<09;71

^5` Dl|djdul/ Udr dqg Ihuqdqgr Doyduh}1 �Vwdwlrqdu| H!flhqw Glvwulexwlrqv zlwk Sulydwh

Lqirupdwlrq dqg Prqlwrulqj= D Wdoh ri Nlqjv dqg Vodyhv/� pdqxvfulsw/ Ihghudo Uhvhuyh

Edqn ri Plqqhdsrolv +4<<8,1

^6` Deuhx/ Glols/ Gdylg Shdufh dqg Hqqlr Vwdffkhwwl1 �Wrzdug d Wkhru| ri Glvfrxqwhg

Uhshdwhg Jdphv zlwk Lpshuihfw Prqlwrulqj�/ Hfrqrphwulfd/ 8;/ +4<<3,/ sdjhv 43740

43971

^7` Doohq/ Iudqnolq1 �Uhshdwhg Sulqflsdo0Djhqw Uhodwlrqvklsv zlwk Ohqglqj dqg Eruurzlqj�/

Hfrqrplf Ohwwhuv 4:/ +4<;8,/ sdjhv 5:0641

^8` Dwnhvrq/ Dqguhz1 �Lqwhuqdwlrqdo Ohqglqj zlwk Prudo Kd}dug dqg Ulvn ri Uhsxgldwlrq/�

Hfrqrphwulfd 8<+7,/ +4<<4,/ sdjhv 439<043;<1
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^9` Dwnhvrq/ Dqguhz dqg Urehuw Oxfdv/ Mu11 �Rq H!flhqw Glvwulexwlrq zlwk Sulydwh Lqiru0

pdwlrq/� Wkh Uhylhz ri Hfrqrplf Vwxglhv> 8<+6,/ +Mxo| 4<<5,/ sdjhv 75:07871

^:` Dwnhvrq/ Dqguhz dqg Urehuw Oxfdv/ Mu11 �H!flhqf| dqg Htxdolw| lq d Vlpsoh Prgho ri

H!flhqw Xqhpsor|phqw Lqvxudqfh�/ Mrxuqdo ri Hfrqrplf Wkhru|/ 99+4,/ +Mxqh 4<<8,/

sdjhv 970;;1

^;` Edfnxv/ Gdylg/ Sdwulfn Nhkrh dqg Ilqq N|godqg1 �Lqwhuqdwlrqdo Uhdo Exvlqhvv F|fohv�/

Mrxuqdo ri Srolwlfdo Hfrqrp| 433/ +4<<5,/ sdjhv :780::81

^<` Ehzoh|/ Wuxpdq1 �Wkrxjkwv rq Yrodwlolw| Whvwv ri wkh Lqwhuwhpsrudo Dvvhw Sulflqj

Prgho/� lq Urehuw Ehfnhu/ Plfkhoh Erogulq/ Urqdog Mrqhv/ dqg Zlooldp Wkrpvrq/ hgv1/

Jhqhudo Htxloleulxp/ Jurzwk/ dqg Wudgh LL= Wkh Ohjdf| ri Olrqho Pdfnhq}lh +Vdq Glhjr=

Dfdghplf Suhvv/ Lqf1/ 4<<6,1

^43` Fduuroo/ Fkulvwrskhu1 �Wkh Ex�hu Vwrfn Wkhru| ri Vdylqjv= Vrph Pdfurhfrqrplf Hyl0

ghqfh/� Eurrnlqjv Sdshuv rq Hfrqrplf Dfwlylw| 3+5,/ +4<<5,/ sdjhv 9404681

^44` Frfkudqh/ Mrkq1 �D Vlpsoh Whvw ri Frqvxpswlrq Lqvxudqfh/� Mrxuqdo ri Srolwlfdo Hfrq0

rp| << +Rfwrehu 4<<4,/ sdjhv <8:0:91

^45` Froh/ Kdurog dqg Sdwulfn Nhkrh1 �Wkh Uroh ri Lqvwlwxwlrqv lq Uhsxwdwlrq Prghov ri

Vryhuhljq Ghew/� Mrxuqdo ri Prqhwdu| Hfrqrplfv 68/ +4<<8,/ sdjhv 780971

^46` Ghdwrq/ Dqjxv1 Xqghuvwdqglqj Frqvxpswlrq/ +R{irug/ XN= Foduhqgrq Suhvv/ 4<<5,1

^47` Ghdwrq/ Dqjxv dqg Fkulvwlqd Sd{vrq1 �Lqwhuwhpsrudo Fkrlfh dqg Lqhtxdolw|/� Mrxuqdo

ri Srolwlfdo Hfrqrp| 435+6,/ +Mxqh 4<<7,/ sdjhv 76:079:1
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^48` Ixghqehuj/ G1/ Kropvwurp/ E1/ dqg S1 Plojurp1 �Vkruw0Whup Frqwudfwv dqg Orqj0Whup

Djhqf| Uhodwlrqvklsv/� Mrxuqdo ri Hfrqrplf Wkhru| 84/ +4<<3,/ sdjhv 40641

^49` Jhdqdnrsorv/ Mrkq1 �Dq Lqwurgxfwlrq wr Jhqhudo Htxloleulxp zlwk Lqfrpsohwh Dvvhw

Pdunhwv/� Mrxuqdo ri Pdwkhpdwlfdo Hfrqrplfv 4<+425,/ +4<<3,/ sdjhv 406;1

^4:` Juhhq/ Hgzdug1 �Ohqglqj dqg wkh Vprrwklqj ri Xqlqvxudeoh Lqfrph�/ lq Hgzdug

Suhvfrww dqg Qhlo Zdoodfh/ hgv1/ Frqwudfwxdo Duudqjhphqwv iru Lqwhuwhpsrudo Wudgh/

+Plqqhdsrolv= Xqlyhuvlw| ri Plqqhvrwd Suhvv/ 4<;:,1

^4;` Juhhq/ Hgzdug/ dqg Vrr0Qdp Rk1 �Frqwudfwv/ Frqvwudlqwv/ dqg Frqvxpswlrq/� Uhylhz

ri Hfrqrplf Vwxglhv 8;/ +4<<4,/ ;;60<331

^4<` Kd|dvkl/ Ixplr/ Dowrqml/ Mrvhsk/ dqg Odxuhqfh Nrwolnr�1 �Ulvn0Vkdulqj ehwzhhq dqg

zlwklq Idplolhv/� Hfrqrphwulfd 97+5,/ +4<<9,/ sdjhv 59405<71

^53` Kxjjhww/ Pdun1 �Wkh Ulvn0Iuhh Udwh lq Khwhurjhqhrxv0Djhqw Lqfrpsohwh0Lqvxudqfh

Hfrqrplhv/� Mrxuqdo ri Hfrqrplf G|qdplfv dqg Frqwuro 4:/ +4<<6,/ <860<9<1

^54` Nhkrh/ Wlprwk| dqg Gdylg Ohylqh1 �Ghew Frqvwudlqhg Dvvhw Pdunhwv/� Uhylhz ri Hfr0

qrplf Vwxglhv/ 93 +4<<6,/ sdjhv ;980;;;1

^55` Nkdq/ Dxeln dqg E1 Udylnxpdu +4<<9,/ �Jurzwk dqg Glvwulexwlrq zlwk Sulydwh Lqiru0

pdwlrq/� pdqxvfulsw/ Xqlyhuvlw| ri Ylujlqld1

^56` Pdufhw/ Doehuw dqg Udprq Pdulprq1 �Frppxqlfdwlrq/ Frpplwphqw dqg Jurzwk/�

Mrxuqdo ri Hfrqrplf Wkhru|/ 8;+5,/ +Ghfhpehu 4<<5,/ sdjhv 54<07<1
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^57` Qhdyh/ Hgzlq K1 �Pxowlshulrg Frqvxpswlrq0Lqyhvwphqw Ghflvlrqv dqg Ulvn Suhihuhqfh/�

Mrxuqdo ri Hfrqrplf Wkhru| 6/ +4<:4,/ sdjhv 730861

^58` Skhodq/ Fkulvwrskhu dqg Urehuw Wrzqvhqg1 �Frpsxwlqj Pxowl0Shulrg/ Lqirupdwlrq Frq0

vwudlqhg Rswlpd/� Uhylhz ri Hfrqrplf Vwxglhv 8;/ +4<<4,/ sdjhv ;860;;41

^59` Skhodq/ Fkulvwrskhu1 �Uhshdwhg Prudo Kd}dug dqg Rqh0Vlghg Frpplwphqw/� Mrxuqdo

ri Hfrqrplf Wkhru| 99+5,/ +Dxjxvw 4<<8,/ sdjhv 7;;08391

^5:` Vshdu/ Vwhskhq dqg Vdqmd| Vulydvwdyd1 �Rq Uhshdwhg Prudo Kd}dug zlwk Glvfrxqwlqj/�

Uhylhz ri Hfrqrplf Vwxglhv 87/ +4<;:,/ sdjhv 8<<094:1

^5;` Vfkphlgohu/ Gdylg dqg Nduo Ylqg1 �Idlu Qhw Wudghv/� Hfrqrphwulfd 73+7,/ +Mxo| 4<:5,/

sdjhv 96:0751

^5<` Wdxe/ Eduw1 �G|qdplf Phfkdqlvpv rq d Frqwlqxxp/� pdqxvfulsw/ Xqlyhuvlw| ri Loolqrlv/

+4<<3,1

^63` Wkrpdv/ Mrqdwkdq dqg Wkrpdv Zruudoo1 �Lqfrph Ioxfwxdwlrqv dqg Dv|pphwulf Lqiru0

pdwlrqv= Dq H{dpsoh ri d Uhshdwhg Sulqflsdo0Djhqw Sureohp/� Mrxuqdo ri Hfrqrplf

Wkhru| 84/ +4<<3,/ sdjhv 69:06<31

^64` Zdqj/ Fkhqj1 �G|qdplf Lqvxudqfh zlwk Sulydwh Lqirupdwlrq dqg Edodqfhg Exgjhwv/�

Uhylhz ri Hfrqrplf Vwxglhv 95/ +4<<8,/ sdjhv 8::08<91

^65` ]hoghv/ Vwhyhq1 �Frqvxpswlrq dqg Oltxlglw| Frqvwudlqwv= Dq Hpslulfdo Lqyhvwljdwlrq/�

Mrxuqdo ri Srolwlfdo Hfrqrp| <:/ +4<;<,/ sdjhv 63806791
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