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Many of today's public policy issues—such as the 
potential economic impacts of the federal budget 
deficit and proposed changes in taxes—require an 
understanding of how households make consumption 
spending decisions. Indeed, some issues hinge on it. For 
example, recently in this Quarterly Review, Aiyagari 
(1987a) described two views about how consumption 
decisions are made which have strikingly different 
implications for large government deficits. One says 
such deficits have no effect on interest rates, invest-
ment, or saving; the other, that they drive up interest 
rates, reduce investment, and impoverish the next 
generation. 

Despite the substantial policy issues at stake, 
economists are still struggling to understand consump-
tion decisionmaking at even the most basic level. In 
fact, recently their uncertainty has seemed to increase. 

For a long time, economists thought they at least had 
generally agreed on an explanation for what is perhaps 
the most basic fact about these decisions, the fact that 
over time the total amount people spend changes much 
less than the total amount they earn—or as an 
economist would say, aggregate consumption is much 
less volatile than aggregate income. The traditional 
explanation (due to Milton Friedman) is known as the 
permanent income hypothesis. It assumes, roughly, that 
people make their spending decisions based on what 
they expect their income to be in the long run, not just 
the short run. Their spending doesn't necessarily 
change, therefore, whenever their income changes. 

Many of those income changes are expected and so 
already built into people's spending plans. The rest are 
surprise income changes, but many of them may not 
change spending, either, if people don't think they are 
going to last. Spending should be considerably affected 
by surprise income changes that seem permanent, that 
is, but only minimally by those that seem temporary. 
The traditional assumption has been, moreover, that 
most surprise income changes are temporary; hence, 
consumption should be less volatile than income, which 
it is. 

Recently, though, some economists have lost confi-
dence in this explanation for the basic consumption/ 
income relationship. Based on their analysis of aggre-
gate income data, they have concluded that the tra-
ditional view, according to which surprise changes in 
income are temporary, is implausible. Instead, they are 
convinced that it is more plausible for households to 
respond to a surprise increase in income of, say, $1 by 
raising their outlook for income forever. Specifically, 
the long-run income outlook should be raised about 
$ 1.60, according to Deaton (1986). Deaton pointed out 
the dramatic implications of these developments for 
economists' traditional way of thinking about consump-
tion. He showed that when the permanent income 
hypothesis is combined with this new view about the 
nature of surprise income changes, then the implica-
tions of the traditional argument are stood on their 
head. The prediction now is that consumption ought to 
be more volatile than income, not less. Deaton's 
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paradox (as it has come to be called) suggests to many 
that something is seriously wrong with the traditional 
explanation for a basic economic fact. 

The situation is actually not so grave. Despite 
Deaton's challenge, the traditional explanation for the 
consumption/income relationship might still be right. 
Several researchers have argued that estimates of the 
long-run impact of a surprise change in income based 
on aggregate postwar U.S. income data are too im-
precise to support any conclusion, including Deaton's. 
This should not be surprising, since—as I show here— 
the relevant long run for this issue is from 10 to 15 years 
and U.S. postwar data offer only three or four nonover-
lapping intervals of this length. Efforts are currently 
under way to increase the precision of estimates of the 
impact of surprise income changes by, for example, 
bringing income data from many countries into the 
analysis. Still, controversy on the magnitude of the 
impact continues, and in the end, Deaton's estimate 
may prove to be the best. However, even if that were 
true, the traditional explanation for the consumption/ 
income relationship may not be too wrong. Results in 
Christiano 1987c—summarized here—suggest that 
even if Deaton's view of the impact of a surprise change 
in income is accepted, a small change in another of the 
permanent income model's assumptions is enough to 
pull the theory's implications back into line with the 
basic economic fact. 

Essentially, the model adjustment involves changing 
the assumed source of the surprise income changes. The 
permanent income model, by assuming that the return 
to investing in capital is fixed, implicitly posits that the 
return is unrelated to the factors that produce output 
movements. The adjusted model I describe embodies 
the real business cycle perspective (associated with 
Kydland and Prescott 1982, Long and Plosser 1983, 
and Prescott 1986).1 In that type of model, income 
changes stem from productivity shocks that simulta-
neously change the reward to investing. Therefore, the 
response of consumption to an unexpected, permanent 
jump in income is relatively restrained, as households 
simultaneously increase saving in order to take ad-
vantage of the increased return to investing. Evidently, 
the key ingredient of this proposed way to resolve the 
Deaton paradox is a presumed positive correlation 
between income and the anticipated return to investing 
in capital. Determining whether this proposal actually 
resolves the paradox, then, requires determining wheth-
er the required correlation is empirically plausible. This 
is the subject of ongoing research. 

Thus, there are at least two possible ways to resolve 

the Deaton paradox. One is to revert to the traditional 
view that the effect of a surprise change in income is 
temporary. The other is to modify the permanent 
income model's assumed source of income fluctuation. 
Neither of these two proposed ways to resolve the 
paradox does so decisively yet; each requires further 
research to establish its plausibility. That is why the 
title of this paper is a question. 

My objective here is to describe the Deaton paradox 
and the proposals to resolve it, at a fairly basic level. 
I thus describe the basic building blocks: the permanent 
income model, the real business cycle model, and 
several mathematical models about the persistence of 
surprise changes in income. Since the second proposed 
resolution to the paradox requires comparing the 
permanent income and real business cycle models, they 
need to be placed on a comparable basis. This is done 
by showing that they both belong to a general family 
of models called the equilibrium growth (or simply 
growth) model, which is increasingly becoming the 
standard framework for analysis in macroeconomics.2 

(The observation that the permanent income model 
is a special case of the growth model—something 
not generally known—is due to Sargent 1986 and L. 
Hansen 1985.) 

The Equilibrium Growth Model 
Here I lay the groundwork for describing the permanent 
income and real business cycle models by describing 
the simplest equilibrium growth model which includes 
them as special cases. First I describe the growth model 
in general, informal terms. This description follows 
recent developments which show that the growth model 
can be thought of as an economy populated by numer-
ous heterogeneous, mortal people. I also describe an 
alternative interpretation of that model economy ac-
cording to which it is populated by just one fictitious 
agent who lives forever. Because of this agent's resem-
blance to Defoe's fictional character, I call the agent 
Robinson Crusoe. This interpretation of the growth 
model is conventional and very convenient for my 
formal discussion of the growth model. 

An Informal Look at the Multiagent Economy 
The growth model is an abstract economy populated by 
a large number of households and firms. As time 

1 In these models, only real things, like unexpected productivity changes (or 
shocks), cause recurring fluctuations in general activity. Nominal things, like 
money, play no role. 

2Since the permanent income and real business cycle models do not include 
money, neither does the growth model I describe here. For a growth model that 
incorporates money, see Marshall 1987. 
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evolves in the growth economy, some people are born 
into households and others die. During their lifetimes, 
people choose how much of the economy's good to 
consume and how to divide their time between labor, 
defined as work in the marketplace, and other activities, 
which are conventionally (and perhaps inappropriately) 
called leisure. If their income exceeds current consump-
tion, they lend (or save) the difference; otherwise, they 
borrow (save a negative amount). People are purpose-
ful in that their choices reflect their preferences; their 
attitudes about consumption today versus consumption 
tomorrow and about work versus leisure. The mathe-
matical representation of preferences is the utility 
function. 

Different people in the growth model have different 
preferences and labor productivities, reflecting in part 
their different ages. Therefore, a given person's saving 
might be positive at some times and negative at others. 
Moreover, at any given time, some people's saving is 
positive and others' is negative. Total saving, if positive, 
results in the accumulation of capital—things like 
factories, office buildings, and airplanes. If total saving 
is negative, the capital stock wears out. The fact that 
capital can accumulate means that production in this 
economy can increase over time; this is why it is called a 
growth model. 

Firms possess the economy's technology, the knowl-
edge about how to convert capital and labor effort into 
output. The mathematical representation of technology 
is the production function. 

The growth model economy is simpler than an 
actual economy in several respects. In an actual 
economy, output is composed of many different goods 
(for example, cars, houses, food, health services, trans-
portation). The growth model abstracts from this 
diversity by consolidating everything into one homo-
geneous good. Similarly, it abstracts from the many 
different actual types of capital by assuming that the 
capital stock is homogeneous and reflects past accumu-
lation of the single produced good. The relationship of 
capital and output in the growth model is much like that 
of clay and putty: one is a hardened, congealed version 
of the other. 

The multitude of people and firms in the growth 
model interact anonymously in markets.3 These are 
competitive markets in the sense that prices are not set 
by any individual households or firms. Given the prices 
of labor and goods, people determine how much labor 
they want to supply and how many goods they want to 
buy. In addition, through their saving behavior, house-
holds acquire ownership of the stock of capital, which 

earns a competitive return (a rental rate) from firms. 
Given market prices, firms demand labor and the 
services of capital and they supply goods. In a competi-
tive equilibrium, then, market prices are such that labor, 
goods, and capital markets clear; that is, they are in 
equilibrium. This is why the growth model is called an 
equilibrium model. 

I must emphasize, however, that markets being in 
equilibrium in this model does not imply that every-
thing in it is fixed over time. Quite the contrary: the 
equilibrium values of all variables in the growth model 
economy can change constantly over time in ways that 
are only imperfectly predictable. This reflects the 
constant, difficult to predict changes in the factors that 
determine the productivity of capital and labor (includ-
ing weather, strikes, inventions, managerial skills, and 
the educational level and technical skills of workers). 
These factors, called fundamentals or technology 
shocks; account in part for the unpredictability inherent 
in actual economies. 

A Formal Look at the Robinson Crusoe Economy 
A solution to the growth model is a detailed specifica-
tion of everyone's consumption, hours worked, and 
savings activity, along with prices such as wages and 
interest rates on loans. Here, though, I am only con-
cerned with economywide averages of variables, par-
ticularly average consumption and income. And I only 
need some prices, such as the wage rate and the rate of 
interest. Fortunately, economywide average values of a 
growth model's equilibrium variables can be computed 
without first calculating each person's consumption, 
hours worked, and saving. These average values can 
instead be viewed as reflecting the choices of a single, 
fictitious agent who lives forever—who represents an 
average across the multitude of diverse, finite-lived 
people living in the growth economy. This representa-
tive Robinson Crusoe-like agent has preferences over 
economywide average consumption and work and 
chooses these variables subject to the available tech-
nology for converting capital and work into output, so 
as to maximize utility over an infinite-horizon lifetime.4 

3 For a detailed discussion of the competitive markets in which households 
and firms are assumed to interact, see Prescott 1986 and G. Hansen 1985. They 
describe two different—though equivalent—market settings. Prescott con-
siders a sequence of markets equilibrium in which households and firms meet 
and trade every quarter. Hansen describes a date zero market equilibrium in 
which households and firms meet just once, at the beginning of time, to sign 
contracts. Hansen's discussion takes place explicitly in the context of the 
permanent income model. 

4It is beyond the scope of this paper to formally present the growth model 
economy at the level of the finite-lived individual agents who are assumed to 
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• Technology 
In deciding what to do with output in the growth 
economy, Robinson Crusoe faces a resource constraint: 
uses of final output cannot exceed the amount avail-
able. The growth model assumes that gross output, 
which I call yt, is allocated to only two uses: con-
sumption, ct, and gross capital investment, dkt. (For a 
discussion of the empirical measures of these and other 
variables used later, see the Appendix.) This, then, is the 
resource constraint: 

(1) ct + dkt = yt. 

The production function specifies how output is 
related to the factors of production. The permanent 
income and real business cycle models assume only 
three factors of production: capital, hours worked, and a 
term representing the fundamentals. These are here 
denoted by kt, htf and zt, respectively. An abstract 
representation of the production function, which in-
cludes those assumed by the permanent income and 
real business cycle models as special cases, is 

(2) yt=f(kt,ztht). 

The production function, / indicates that the greater 
the value of the fundamentals, zti the more productive 
is an average hour's work. 

Gross capital investment, dkt, and the stock of 
capital, kt, are linked in this way: 

(3) kt+i = (l-d)kt + dkt. 

Here d is the quarterly rate of depreciation of the stock 
of capital.5 Thus, if the stock of capital is kt at the 
beginning of quarter t, then the undepreciated part of 
that stock which remains at the end of the quarter is 
(1 ~8)kt. The stock of capital available at the beginning 
of next quarter, kt+\, is composed of this plus the part of 
yt devoted to investment, dkt. 

Taken together, equations (1 ) - (3) describe the basic 
tradeoffs faced by Robinson Crusoe. In particular, the 
more leisure, /, is taken now (that is, the lower is ht), the 
less current output is available for consumption and 
investment. High current consumption reduces the rate 
of capital accumulation, which reduces the future stock 
of capital. So high current consumption comes at the 
expense of reduced future output. In principle, even the 
determination of the fundamentals, zt, involves trade-
offs. For example, time devoted to education must be 
taken from time in the home or at work. The permanent 

income and real business cycle models abstract from 
the factors that determine zt by simply assuming it 
evolves exogenously, or outside the model. (See Lucas 
1985 and Romer 1986 for models in which the 
economic decisions that determine zt are modeled 
explicitly.) 

• Preferences 
How Robinson Crusoe resolves the basic tradeoffs is 
determined by this agent's preferences. As of date t, 
Crusoe is assumed to value alternative uncertain paths 
of consumption and leisure, {Cf+y,/^;./—0,1,2,...}, 
according to the following expected, discounted utility 
function: 

(4) Et{u(ct,lt) + Pu(ct+hlt+l) + p2u(ct+2,//+2) + • • •} 

= EtXj=0PJu(ct+j,lt+j) 

where 0 < f3 < 1. Here leisure and hours worked are 
linked by the restriction lt + ht = T, the total number of 
hours available in a quarter; u is the period utility 
function; and Etx is the expected value of x, conditional 
on information available at the beginning of quarter t. 

According to (4), Crusoe cares not only about 
current consumption and leisure, but also about their 
future values. Therefore, at date t all of yt is not nec-
essarily consumed; some of it is saved (that is, dkt > 0) 
for future consumption. 

• Model Solution 
A solution to this model is a mathematical equation 
relating Robinson Crusoe's decisions at a given date 
to information available to Crusoe at that date. Such 
an equation is called a contingency plan. In particular, 
at date t Crusoe chooses contingency plans for setting 
ct+j, ht+jf and for j = 0 , 1 , 2 , . . . as a function 

populate it. (For this, see Aiyagari 1987b.) Instead, I start the formal part of my 
discussion at the level of the Robinson Crusoe interpretation. However, it is 
important to remember that this particular interpretation of the growth model 
has little economic interest in itself and is intended only to facilitate solving for 
the economywide average values of the model's variables. The economically 
interesting interpretation of the growth model is the one in which numerous 
heterogeneous agents with finite lives interact in competitive markets. In 
practice, once Robinson Crusoe's preferences and the technology available 
to this agent are specified, the degree of heterogeneity in the underlying 
multiagent economy is severely restricted. 

5 Equation (3) implicitly abstracts from population growth. If the gross rate 
of population growth were a constant, n, then (3) would have to be written 
kt+l = [(1 -d)/n]kt + dkr Although I implicitly set n = 1 throughout this 
paper, in the computation of the solution to the real business cycle model, I set 
n = 1.00325, which corresponds to an annual population growth rate of 
roughly 1.2 percent. For a formal treatment of that model which exhibits where 
and why n enters into the mathematical equations that describe the real business 
cycle model, see Christiano 1987c, forthcoming. 
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of information available contemporaneously, fl t+j = 
{Zt+j-s>Ct+j-\-sA+j-\-s>K+j-s'> s = 0 ,1 ,2 ,3 , . . . } , to 
maximize (4) subject to ( l ) - (3) and a specification of 
the statistical properties of z,.6 These contingency plans 
are functions c, h, and k: 

^ ct+j = c(CLt+j\ ht+j = h{VLt+j\ 

+j = k(Clt+j). 

Crusoe's contingency plans for dkt+j and lt+j can be 
derived from k and h using (3) and the fact that lt — 
T—ht. 

The Robinson Crusoe perspective on the growth 
model not only makes solving the model for equilib-
rium quantities easier, but also can be used to compute 
equilibrium prices. I will use this representative agent 
approach to get formulas for the prices I will need later. 
One is the market-clearing wage rate, wt, which is the 
marginal product of labor: df(kt,ztht)/dht. Therefore, 
income attributable to labor effort, yht, is wtht or 

(6) yht = [df(kt,ztht)/dht]ht. 

Note that wt and y^ can be computed using the equi-
librium values of kt and ht. Another market price I need 
is the risk-free rate of interest, rt. This is the yield on a 
bond which, at a cost of one unit of the time t con-
sumption good, entitles the holder to 1 + rt units of the 
consumption good in period t + 1 with certainty. From 
the Robinson Crusoe perspective, 1 + rt is the number 
of date t + 1 goods Crusoe requires to be compensated 
for giving up one unit of the good in period t. In utility 
terms, Crusoe's cost of giving up that unit is approxi-
mately u'(ct) = du(ct)/dct. From the perspective of date 
t, Crusoe's benefit of 1 + rt goods in period t + 1 is 
/3Et( 1 +rt)u\ct+\) = /3( 1 +rt)Etu'(ct+\). The risk-free rate 
of interest is the value of rt that equates benefits and 
costs: 

(7) 1 +rt = u'(ct)/[PEtuXct+l)l 

The consumption contingency plan, c, can be used to 
express rt as a function of Cit. According to (7), the 
risk-free rate is low if the marginal utility of consump-
tion next period is expected to be high. This reflects the 
fact that if Crusoe values consumption next period 
highly, then Crusoe requires few goods next period to 
be compensated for giving up a relatively low-valued 
date t good. What this corresponds to in the multiagent 
market economy that Crusoe stands in for is this: When 
people value consumption next period highly, then the 
current supply of loans is large and a low interest rate 

is sufficient to clear the loan market. 
The risk-free rate of interest, rt, must be distin-

guished from the return on investment in capital, which 
is 1 + / ? , = [ < ? / ( * , + ! , z ^ W / ^ + J + d - S ) . The 
bracketed part of this sum is the direct increment to 
period t+l output due to a one-unit increment in the 
capital stock, kt+\. The other term (1—5) is the amount 
of extra capital, per unit of capital invested, left over at 
the end of t + 1. Unlike the value of rt, the value of Rt is 
uncertain at date t since it will be determined in part by 
z,+ 1 , which is unknown at date t. (Recall that kt+{ is 
chosen at date t, so it is known then.) A particular 
difference between rt and Rt, then, is that the former is 
not and the latter is a random variable as of date t. In 
general, it is not even true that EtRt = rt. 

The difference between EtR and rt is called the risk 
premium. A formula for it can be obtained by studying 
the costs and benefits Robinson Crusoe weighs when 
contemplating investment in an extra unit of capital. 
In particular, to increase kt+\ by one unit, Crusoe has 
to reduce ct by one unit, with utility cost u'(ct). The 
payoff at date t + 1 of this investment is 1 + Rt, and 
the utility of this from the perspective of date t 
is pEtu'(ct+i)(l+Rt).7 Now, Crusoe invests up to the 
point where benefits equal costs, so that u\ct) 
= jSZifii'CQ+iXl +/?,). Any two random variables x 
and y are related as cov(x,y) = Exy — ExEy, where 
cov(jc,y) denotes the covariance between x and y. Thus, 
uXq)/p = {cov,[ w'(q+i ), 1 +Rt] + Etu'(ct+{)Et(l+Rt)}. 
Dividing by Etu\ct+\), using (7), and rearranging yields 

(8) EtRt — rt — - c o v,[w'(c,+1), 1 +Rt]/Etu'(ct+l). 

Since Etu'(ct+\) > 0, the risk premium is negatively 
related to the indicated conditional covariance term. So 
if the payoff on investing in capital (1 +Rt) is negatively 
correlated with marginal utility, then the expected 
return on capital, EtRt, exceeds the risk-free return.8 

6The maximization problem must also obey the nonnegativity constraints: 
kr ht, ct, yt, dkt > 0. According to the last one, capital investment is irreversible; 
once put in place it cannot be reduced at a rate faster than the depreciation rate. 
This is consistent with the putty/clay analogy mentioned above. 

7In general, Etu\cl+l)(\+R,) =£(1 +Rl)Elu'(ct+i) since R, is not known at 
date t. (As pointed out below, the permanent income model R, is an exception; it 
is a constant.) This is to be contrasted with the risk-free rate, rr which is known 
at date t, so that Etu'(ct+xX\+rt) = (\+rt)Etu\ct+x). 

8This illustrates an important result in the theory of finance, namely, that 
the risk premium on an asset reflects not its variance but the covariance of its 
payoff with consumption. For example, if the covariance term in (8) is positive, 
so that capital investment represents insurance against periods in which the 
marginal utility of consumption is high, then the risk premium is negative. In 
this case, the volatility of the payoff on capital investment makes it more 
desirable than the risk-free asset. 
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This is because investments in capital are relatively 
unattractive—they yield the highest return when 
returns are least valued—so that a high yield is needed 
to induce people to invest. Note that if / is linear in 
kt—so that Rt is a constant—then the risk premium is 
zero and rt — Rt = r, a constant. This is not surprising, 
since investment in capital is then risk free. (In the 
permanent income model , / is linear.) 

The Permanent Income Model 
Here I follow Sargent 1986 and L. Hansen 1985 in 
deriving the permanent income hypothesis from a 
growth model with a particular specification of pref-
erences and technology. I call this model the permanent 
income model. I derive a formula for the ratio of the 
volatilities of consumption and labor income that it 
implies and show how the size of this ratio is deter-
mined by the properties of labor income over time (its 
dynamic properties). I present the result not well known 
before Deaton 1986: that when labor income takes a 
particular form, this model can imply that consumption 
is more volatile than labor income. 

The Model and an Approximate Solution 
The permanent income version of the growth model has 
the following restrictions: 

u(ct)lt) = -(c-b)2/2, f(ktfztht) = qkt + ztht, 

p(q+l-8)=l 

where 0 < /? < 1 and b > 0. Note that the utility function 
u does not include /, explicitly. Instead, to avoid 
complications of no concern here, I abstract from the 
determination of ht (and, hence, /,) by assuming it 
evolves exogenously over time.9 This and the fact that 
the production function / is linear in ztht implies that 
labor income is exogenous, with yht = ztht. The fact 
that / is linear in kt implies that the risk-free rate of 
interest in the economy is a constant r, equal to 
R — q—b. That is, 

(10) r=q-5. 

This and the assumption on preferences imply, approxi-
mately, that households set consumption ct at the 
highest possible level they think they can sustain 
indefinitely, given their expectations for labor income. 
This highest sustainable level of consumption is called 
permanent income, which accounts for the model's 
name.10 

To compute permanent income, substitute for yt and 

dkt in (1) from (2), (3), and (9). Then use (10) and the 
fact that ztht — y^ to get 

(11) kt+l = (l+r)kt + yht-ct. 

Now consider a consumption decision made at date t, 
when kt and yht are known to the household. Let ct be the 
maximum consumption level households expect to be 
able to sustain indefinitely. It must satisfy not only (11), 
but also future versions of (11): 

(12) kt+l+i = (1 +r)kt+i + Etyht+i - ct 

for all i= 1 ,2,3, It can be shown that the maximum 

value of ct that satisfies (11), (12), and kt > 0 is 

(13) ct = rWt 

where 

(14) Wt = kt+ [(l+r)"iXr=0 Etyht^\ 
Equations (13) and (14) define the permanent income 
hypothesis. There, rWt and Wt are per capita permanent 
income and wealth, respectively. Note that wealth has 
two parts: kt, which is called nonhuman wealth, and the 
other, bracketed piece, human wealth. Nonhuman 
wealth is just the existing stock of capital. The term for 
human wealth is the present discounted value of 
expected future labor income. It is the value that the 
work force of the society would have if there were a 
stock market in workers. 

Equation (13) expresses ct as a function of informa-
tion available at date t and so is a solution to the 
permanent income model. This can be seen by noting 
that (13) [with (14)] is in the same form as (5), ex-
pressing ct as a function of date t information: kt and 
the information in the date t conditional expectation. 
Equation (13) is not an explicit solution for ct until the 

9See Christiano, Eichenbaum, and Marshall 1987 for a version of the 
permanent income hypothesis which models the household hours decision 
explicitly. I avoid that approach here because it only complicates matters 
without altering the principal implications of concern here: those for the 
consumption/income relationship. 

10The exact solution to the permanent income model is not analytically 
tractable (Chamberlain and Wilson 1984). It is a contingency plan fore, and k, 
which maximizes (4) subject to (1), (9), and ct, kt, dkt > 0. The contingency 
plan for ct that I describe—in which c, is equated with permanent income—is the 
exact, unique solution to a modified version of the permanent income model in 
which the restrictions cr kt, dk, > 0 are not imposed and E,XJ=o^kj+j < 00 is 
imposed. (See L. Hansen 1985 for a formal derivation of this solution.) I hope 
that this solution is a good approximation to the solution of the original model. 
Research to investigate this issue would be worthwhile. 

7 



statistical properties of yht are specified, so the condi-
tional expectation can be evaluated. As we will see, 
those statistical properties can make a great difference 
in the model's implications for the relative volatility of 
consumption and labor income. 

A Formula for the Consumption/Income Relationship 
The key implication of the permanent income model 
here is its implication for the relative volatility of 
consumption and income. To get a formula for this, I 
first need an expression for the change in consumption 
ct — ct-\. 

Recall the permanent income model's implication 
that ct is set at a level that households believe is 
sustainable indefinitely. This implies that ct differs from 
ct-1 only when something happens to income at the 
start of quarter t that was not anticipated in quarter 
t— 1, when ct-\ was set. Since the interest rate in the 
permanent income model is fixed by the linearity 
assumption on f the only component of earnings in t 
that is uncertain as of t — 1 is labor income. Thus, ct 
differs from ct-\ in this model only if period t labor 
income differs from what was expected in quarter t. 

But the magnitude of the difference, ct — ct-\, 
depends only in part on the exact magnitude of the 
unexpected component of period t labor income. It 
also depends on how much the unexpected part of y^ 
induces households to revise their expectations about 
period f + s labor income, for s = 1 , 2 , 3 , . . . . The 
permanent income model implies that ct — ct-\ is the 
annuity value of the revision to expectations about 
period t + s labor income for s = 0 , 1 ,2 ,3 , — 1 1 This 
can be derived formally by subtracting (8) lagged one 
period from itself and using (11) and (14) to arrive at 

(15) ct-ct-x = r[(\+r)-i 

x2°L0d+rTKEtyht+i - Et-Xyht+i)\ 

The expression Etyht+i — Et-{yht+i is the revision in 
households' expectation about future labor income 
yht+i due to the new information available in period 
t, but not in period t — 1. One of these terms, 
Etyht — Et-Xyht = yht — Et-Xyht, is called the innovation 
(or surprise change) in yht and is the difference between 
yht and what people expected it to be as of date t— 1. 
Note that if all of these revised expectation terms are 
zero, then ct = ct-\: consumption does not change. The 
right side of (15) is the annuity value of the revisions 
to the outlook for current and future income. So a com-
pact way to characterize (15) is this: according to the 

permanent income model, the change in consumption is 
the annuity value of revisions to the outlook for current 
and future income. Equation (15) is what I call the 
fundamental equation of the permanent income 
model.12 

I make a proportionality assumption so that (15) can 
be substantially simplified: 

(16) Etyht+i - Et-Xyht+i = i/ji(yht - Et-Xyht) 

for i = 1,2, 3, Also, let = 1. The parameter ipi is 
a multiplier which says how much the forecast of yht+i 
for i> 1 is revised as a result of an innovation in yht.n 

The simplification of the fundamental equation, 
(15), is obtained by substituting (16) into it: 

(17) ct-ct-X = V(yht-Et-Xyht) 

where 

(18) V = r d + r r ^ o d + r ) - 1 ^ . 

For obvious reasons, we can call ^ the annuity value of 
a $1 innovation in labor income. It can also be thought 
of, though, as the ratio of the volatilities (or the relative 
volatility) of consumption and labor income. This 
interpretation derives from the fact that one measure of 
the volatility of a variable is the standard deviation of its 
innovation. The innovation in consumption, according 
to the permanent income model, is W(yht ~ Et-Xyht). 
This has standard deviation ^ a , where a is the standard 
deviation of the innovation in yht. 

11 The annuity value of a stream of possibly different payments—say, x( 1), 
jc(2), jc(3), . . .—is the corresponding constant payment stream with equal 
present value. Suppose, for example, that the interest rate is 1 + r. Then the 
present value PV of x(s) for j = 1, 2, 3 , . . . is 2JL|(l+r)"~sx(s). The cor-
responding annuity value is r X PV. As expected, if jc(j) = x, a constant for all 

then r X PV = x. 
12 An implication of a well-known property of conditional expectations is 

that Et_x[Etyht+ —Et_xyhtH] = 0 for i > 0. Thus, according to equation (15), 
Et_xct = c,_{: consumption is a random walk. This implication of the 
permanent income model was pointed out in the famous paper by Hall (1978), 
who also derived equation (15). 

13The proportionality assumption, (16), amounts to an assumption that 
only past yht is useful in forecasting future yh(, that the addition of past ct, for 
example, does not help (c, does not Granger-cause yhl). Also, this assumption 
implies that the regression of c, — ct_x on current and past yht has a fitted 
disturbance identically equal to zero. This can be seen from (17) below, which 
has current and past yht on the right side of the equality and no error term. [Past 
)>A, appears only implicitly, in Et_{yht, which is a function only ofyh l (because of 
the Granger-causality observation).] Christiano, Eichenbaum, and Marshall 
(1987) avoid this grossly counterfactual implication by working in an 
environment in which a proportionality relation like (16) does not hold. To 
follow their lead here would complicate matters without altering my conclu-
sions, according to Campbell and Deaton 1987 and West 1986. 
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The Importance of the Dynamic Properties 
of Labor Income 
Now I can show how the value of V depends on the 
dynamic properties of y^, particularly on how long an 
innovation lasts. 

• Some Simple Examples 
Recall that, according to the fundamental equation of 
the permanent income model, the only thing that 
prompts households in this economy to change con-
sumption is something that induces a revision in the 
outlook for current or future labor income. Only 
yht — Et-iyht ^ 0 can trigger a revision in the outlook for 
income at dates t+j for j> 0. There are two extreme 
possibilities. On the one hand, an innovation in y^t could 
trigger a revision of the same size in the outlook for 
income at all future dates (i\t[ — 1, i > 0); then the 
innovation in yht is said to be permanent. On the other 
hand, an innovation in yht may trigger no revision in 
future income = 0, i > 0); then the innovation is said 
to be temporary. According to (15), the persistence of the 
income innovation (its degree of permanence) makes a 
great deal of difference in terms of the impact on 
consumption. Two simple examples show this. 

EXAMPLE 1. A Permanent Innovation 
Suppose the innovation in labor income today is $100, 
and households are induced to also raise their esti-
mate of future income $ 100. That is, Etyht+j — Et-{yht+j 
= $100 for y = 0 , 1 , 2 , Then, according to 
(15), households adjust consumption by the annuity 
value of this innovation. For any interest rate, r, the 
annuity value is 

r[( l+r)_ 1($100) + (l+r)"2($100) 

+ ( l+r)-3($100) + . . . ] 

= r($100/r) = $100. 

Thus, when the innovation in income is permanent, 
households increase consumption by the full amount of 
the innovation. Under these circumstances, that is the 
maximum increase in consumption they can sustain 
into the indefinite future. 

EXAMPLE 2 . A Temporary Innovation 
Now suppose that a $ 100 innovation in labor income is 
thought by households to be temporary, so it has no 
effect on their outlook for income in subsequent 
periods. That is, Etyht — Et-{yht = $100 and Etyht+j — 
Et-\yht+j = 0 for j > 0. If the quarterly interest rate 
r = 1 percent, the annuity value of this innovation is 

0.01 [ ( 1 . 0 1 1 ($ 100) + 0 + . . . ] 

= 0.01($100) = $1. 

Thus, when a $100 innovation is viewed as temporary, 
(15) implies that households increase consumption only 
$1 and invest the remaining $99. With the rate of 
interest 1 percent and a $100 temporary increase in 
income, $1 is the maximum increase in consumption 
that can be sustained indefinitely. 

The dependence of consumption's response on the 
persistence of an innovation is further illustrated by 
Example 3. This is more realistic than the first two 
because it explicitly models the uncertainty in yht. 
Doing so clarifies the nature of an innovation and 
makes precise the link between it and revisions to future 
forecasts. In addition, the form that the labor income 
process takes in Example 3 is a simple version of the 
one used later with actual U.S. data. Finally, Example 3 
shows that there are many other possibilities in addition 
to the extreme ones in which an innovation is either 
permanent or temporary. 

EXAMPLE 3. Innovations With Explicit Uncertainty 
Suppose this is the labor income process: 

yh = m + <j>yht-\ + tf 

This is called a first-order autoregressive [AR(1>] model 
for yht (autoregressive because depends on its own 
previous values, or lags; first-order because here there 
is just one lag). Here, et is an unpredictable random 
variable with zero mean, and [x and </> are constants. 
Also, Et-Xyht — /jl + (f>yht-\> so that et is the innovation 
in yht. It is easy to confirm that here Etyht+j — Et-{yht+j 
= <f>jet for j = 0 , 1 , 2 , . . . (that is, ^ = 0'', / > 0).14 

For concreteness, suppose that 0 = 0.5. Then this 
model of labor income says that when there is a $100 
innovation in yht (when et— 100), households are 
induced to raise their forecast of next period's income 
by $50, the following period's by $25, and so on. The 
revision to the outlook of income far into the future is 
close to zero since (j)Jet gets smaller as j increases, as 
long as 0 is less than one in absolute value. Evidently, 
for 0 < 0 < 1, the situation is intermediate to those in 
Examples 1 and 2; when 0 = 1, it is exactly Example 1; 

14To see this, simply note that yhl+j can be expressed as yht+j = 
m(1+</>+<*>2+. . .+</>;) + <t>j+*yht-i + + 4>*t+j-1 + <t>2*t+j-2 + • • • 
+ <j)jer Then Etyht+: = . .+</>;) + + <j)jet since 
E,el+s = 0 for 5 > 0. Also, Et_xyht+j = 1 +04 - 0 2 + . . .+</>,) + . 
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and when 0 = 0, it is Example 2. 
For this model, the annuity value of an innovation to 

income is, from equation (18), 

y = r( 1 +r)~1 S°L0[ 0 (1 +r)~1 ]' = r d + r - 0 ) " 1 . 

The dependence of ^ on r and 0 shows that the annuity 
value of an innovation (or the relative volatility of 
consumption and labor income) depends on the interest 
rate and the persistence properties of labor income 
which, in this example, are governed by </>. The more 
persistent the innovation—that is, the greater 0—the 
higher is When 0 = 1, the change in consumption is, 
as in Example 1, the whole of the innovation in income 
[ ^ ( l , r ) = 1]. When 0 = 0, the change in consumption, 
as in Example 2, is a tiny fraction, approximately r, of 
the innovation in income [^(0,r ) = r / ( l+r) ] . 

A notable feature of here, which will play a role 
later, is that it is very sensitive to changes in 0 when 0 
is near 1. If, for example, r = 1 percent and 0 moves 
only slightly, from 0.900 to 0.980 to 0.990 to 0.999, ¥ 
leaps at the same time from 0.090 to 0.330 to 0.500 to 
0.909. This is not surprising. The fact that ifa is a 
function of the ith power of 0 implies that a very small 
change in the value of 0 has a growing effect on the ijjfs 
as the time horizon increases (for larger values of /). 
Moreover, for values of 0 near 1, the effect is already 
appreciable after only two years (for / > 7 ) . For 
example, (0.9)7 = 0.48, but (0.999)7 = 0.99. The rela-
tive weight of i/j-j in is substantial, being equal to 
( l + r ) - 7 = 0.93 for r = 1 percent. [See equation (18).] 

A possibility that will arise with the actual U.S. data 
is that the annuity value of the innovation in income 
could exceed the innovation itself ( ^ > 1). This would 
happen when the innovation induced households to 
raise their forecast of future income by an amount 
sufficiently larger than the innovation. The following 
example is designed to illustrate this possibility in the 
simplest setting. The example also illustrates a way to 
analyze the effects on consumption of an income 
innovation by decomposing the innovation into parts. 
This method is useful to study the effects of the type of 
innovations in yht that are in the actual U.S. data. 

EXAMPLE 4. A More-Than-Permanent Innovation 
Suppose that the current period's innovation in labor 
income is $ 100 and that this induces households to raise 
their expectations about future income by more than 
$ 100—say, by $ 15 0 ( ^ = 1.5, i > 0). If the interest rate 
is 1 percent, the annuity value of this innovation is 

o . o u a . o i r w o o ) + a . 0 i r 2 ( $ i 5 0 ) 

+ ( i . 0 i r 3 ( $ i 5 0 ) + . . . ] 

= $149.50. 

This example can be thought of as a combination of 
Examples 1 and 2. Specifically, it is equivalent to the 
household receiving a permanent positive innovation in 
income of $150 (which causes consumption to jump 
$150) coupled with a temporary negative income 
innovation of $50 (which causes consumption to drop 
$0.50). 

• The Real World 
The AR(1) model for yht in Example 3 is too simple to 
represent the actual U.S. labor income data. That data 
suggest a more complicated model: 

(19) yht = m + at + p\yht-\ + Piyht-2 + c/ 

where /i, a, p1? and p2 are constants and, again, et is 
a random variable with zero mean. This is a second-
order autoregressive [AR(2)] model with trend for yht. 
It will be convenient to write (19) in terms of 0! and 
02, defined as the values of 0 which solve 0 2 — p j 0 — 
p2 = 0. These are called the AR wots of yht. Since 
0i + 0 2 = PI a n d 0 ! 0 2 = —P2,(19)can be rewritten as 

(20) yht = /x + at + (01+02)^,-1 - 0 i02^r -2 + 

Note that (20) can be rewritten as 

(21) yht-4>iyht-\ = » + <xt 

+ 0 2 ( ^ - 1 - 0 1 ^ - 2 ) + 

Now we can see that the representation of labor 
income can take at least two very different forms. 
When 0i = 1, 1021 < 1, and a = 0, equation (19) is an 
AR( 1) model in first differences of yht: yht — yht- \. This 
type of model is usually written in the form of equation 
(21). [The AR(1) model in first differences is Deaton's 
preferred model.] It is known as a difference stationary 
representation because in this form yht is not covariance 
stationary (its variance is not defined), but its first 
difference is. This means, roughly, that the changes in 
yht fluctuate with constant amplitude about a constant 
mean over time, while the levels of y^t follow no 
particular trend. When 0! and 0 2 are both less than one 
in absolute value and a is possibly nonzero, equation 
(19) is a trend stationary representation for yht. In this 

10 



Lawrence J. Christiano 
Consumption/Income Volatility 

form, the levels of yht fluctuate with constant amplitude 
about a linear trend in time. Evidently, these two forms 
are special cases of the AR(2) model with trend. 

It is obvious from (19) [or (20),(21)] that the random 
variable et = yht — Et-Xyht, the surprise change in labor 
income. In addition, it can easily be verified that 

(22) Etyht+j - Et-{yht+j = [<t>\l{<l>\-(t>2)Wxet 

so that 
(23) ifrj = - [02/(01-02)1^' 

for j = 0 ,1 ,2 , Note that when either <j>x or </>2 are 
zero, this model reduces to the one in Example 3. Note 
also that when ct>xand <fi2 are both nonzero, the effect on 
the forecast revision of e, looks like the sum of the 
effects of two innovations like those in Example 3. The 
first is [</>!/((/>!—</>2)K with persistence parameter (f>x, 
and the second is [ — < / > 2 / ( $ w i t h persistence 
parameter . (This sort of possibility was suggested by 
Example 4.) Not surprisingly, the annuity value of et is 
just the sum of the annuity values of these two 
innovations: 

(24) W , , 0 2 , r ) = [ r / ( l + r - 0 1 ) ] [ 0 1 / ( 0 1 - 0 2 ) ] 

+ [ r / ( l+r -0 2 ) ] [ -02/ (0 i -<te) ] . 

Two things are worth noting about First, when 
one of the </>'s is 1 and the other is positive, then (20) is 
an AR(1) in first differences form and ¥ exceeds 1. 
Thus, consumption is more volatile than income. This 
may be seen by noting that when, say, <t>x = 1, (24) 
becomes (l+r)/[l+r—</>2], which always exceeds 1 if 
02 > 0. For example, ¥ ( 1.0,0.5,0.01) = 1.98. This case 
is similar to the one in Example 4 in that an innovation 
in income is more than permanent. To see this, 
substitute 4>x = 1, </>2 = 0.5, r = 0.01, and e, = $ 100 into 
(23) to find that given a $100 innovation in labor 
income the household revises its forecast of this income 
j periods in the future by (2 - 0.5-0 X $ 100. For j = 0, 
1,2, and 3, this is $ 100, $ 150, $ 175, and $ 187.50. The 
decomposition method in Example 4 can also help 
understand this more-than-permanent feature. When 
one of the roots (say, </>|) of yht equals 1 and the other is 
between 0 and 1, then an innovation has a permanent 
part, [1/(1 —(/>2)]e,, and a temporary negative part, 
— [ < / > 2 / ( l — • Because the temporary part is nega-
tive, the revision in the outlook for income several 

periods in the future exceeds the innovation in income. 
(See Example 4.) 

A second notable feature of W is that it is very 
sensitive to changes in one of the roots of yht (the </>'s) 
when that root is near 1. The relative volatility of 
consumption and income, that is, depends a lot on how 
long the income innovation is expected to last. As in 
Example 3, this is not surprising once one notes from 
(23) that if/i is a function of the ith power of each of the 
roots of y^. A consequence of this is that very small 
changes in a root when its value is close to 1 produce 
large changes in i/r/s starting as soon as two years out 
( / > 7). Since those i/Ts have substantial weight in it 
follows that their sensitivity to the roots of y^ translates 
into a sensitivity for For example, if r = 1 percent, 
</>2 = 0.5, and cf)X starts at 0.9, then small changes in 
(f)x —from 0.900 to 0.980 to 0.990 to 0.999—produce 
large increases in from 0.18 to 0.66 to 0.99 to 1.80. 
To put this more concretely, if r = 1 percent, <j>x — 0.9, 
and </>2 = 0.5, then this permanent income model 
predicts that households spend just $18 of a $100 
innovation in income and invest the rest. But if 
<t>\ — 0.999 and nothing else is different, then the model 
has a dramatically different prediction: households 
respond to the $100 income innovation by increasing 
consumption $180—$80 more than the income in-
crease, which they get by reducing investment. 

The Deaton Paradox . . . ? 
It is well known that changes in income from one 
quarter to the next are positively correlated. So when 
Deaton estimated the AR( 1) first difference representa-
tion using labor income data, the coefficient on the 
change in yht-X came out positive, implying that ^ > 1. 
More precisely, his estimate of is close to 1.6. Thus, 
the permanent income model together with the AR(1) 
model in first differences of labor income implies that 
consumption ought to be roughly one and a half times 
as volatile as labor income. This conflicts sharply with 
the empirical fact that consumption is only about half as 
volatile as labor income. This conflict is ironical—and 
paradoxical—because many economists have believed 
that the observed relative smoothness of consumption is 
the principal reason for taking the permanent income 
model seriously. 

Despite Deaton's finding based on the AR(1) dif-
ference model, there continues to be debate on whether 
there really is a paradox. In part, this is due to the fact 
that other models of income, which appear to fit the 
labor income data equally well, do not yield the 
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counterfactual implication Deaton got. The continued 
controversy also reflects the suspicion that any measure 
of the long-run effect of an innovation in income based 
on postwar U.S. data must be extremely imprecise and 
unreliable. According to the permanent income model, 
the 10-15-year effects of an income innovation have 
a significant influence on the consumption decision, 
yet the postwar data include only three or four non-
overlapping intervals of this length. The continuing 
controversy over the existence of a paradox indicates 
the possibility that, in the end, the traditional assump-
tion that income innovations are temporary may be 
vindicated. 

Deaton's Results 
Here I reproduce Deaton's empirical results using a 
slightly different measure of labor income than he used. 
My measure is 0.66 times gross output (yt). The reason 
for the factor 0.66 is that it is roughly the fraction of 
gross output due to labor in the postwar U.S. data. I 
estimated a trend stationary model and an AR(1) 
difference model by the method of ordinary least 
squares, using the 111 quarterly observations on these 
data between the third quarter of 1956 and the first of 
1984. The results: 

Trend Model 

(25) yht = 172.29 + 0.78t + 1 . 3 5 y ^ - 0.39yht-2 
(2.2) (1.8) (14.7) ( - 4 .3 ) 

+ a,; Ge = 49.3 

AR(1) Difference Model 

(26) Ayht = 11.55 -h 0.37Ay/l/_1 + e,; oe = 49.8. 
(2.3) (4.1) 

In (26), Ayht = yht — yht-\. The numbers in parentheses 
beneath the equations' parameter estimates are t-
statistics, and bt is the standard deviation of the fitted 
regression disturbances, et. Note that the two models 
have approximately the same implication for the vola-
tility of labor income, oe: that it is roughly $50 per 
quarter. This is consistent with Deaton's finding that 
both models fit the data equally well. 

To determine the models' implications for the 
volatility of consumption, the permanent income model 
requires that ¥ be computed. This in turn requires the 
roots of yht- These are 0.92 and 0.43 in the trend model 
and 1.0 and 0.37 in the difference. The implied values 
of ¥ are, then, 

Trend 

¥(0.92,0.43,0.01) = 0.19 
(27) 

Difference 

¥(1.0,0.37,0.01)= 1.58. 

The implications of these two models for the response 
of consumption to an innovation in income are 
obviously very different. The trend model implies that 
households respond to a $100 innovation in income by 
increasing spending only $19 and investing the rest. 
The difference model implies instead that they increase 
spending $158 and reduce investment $58. The trend 
model's 0.19 is more realistic than the AR( 1) difference 
model's 1.58 since 0.19 is considerably closer to the 
empirical amount of smoothness in consumption 
(roughly 0.5). 

The different implications of the two models reflect 
their different maximal roots: 0.92 and 1.0. That is clear 
when the 0.92 root in the trend model is replaced by 1.0: 
its ¥ jumps from 0.19 to 1.74, just about the value of ¥ 
in the difference model. This sensitivity of ¥ to vari-
ations in the value of a root that is near 1 is striking. The 
reason for it is that such changes have a large effect on 
the trend or difference model's implication for the long-
run effect of an innovation and the permanent income 
model assigns substantial weight to these long-run 
effects in the consumption decision. The effects of an 
income innovation on expectations of future income are 
measured by each model's i/f/s. Chart 1 displays how 
the two estimated models measure these i/̂ -'s in the ten 
years after an innovation. Note how the two models' i/^'s 
are similar in the first year (in the first few quarters), but 
then they diverge. Note also, in Chart 2, how slowly the 
consumption decision's weights on the xfj- s die out. The 
weight on the i\s for the forecast revision ten years after 
the innovation is still about 70 percent of that for the 
initial quarter. [Recall from (18) that the relative weight 
on i/ji is ( l + r ) - ' . ] 

Evidently, according to the permanent income model, 
the relationship between consumption and income 
depends on very long-run properties of the labor 
income process. But the trend and AR(1) difference 
models differ substantially on what those properties are. 
Yet, according to Deaton, it is impossible to determine 
which model fits the income data better. Essentially, 
this is because, with only 30 years of data, a root of 0.92 
is virtually indistinguishable statistically from 1.0 
(Christiano and Ljungqvist 1987). 
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Charts 1 and 2 

Explaining the Trend and Difference Models' 
Different Implications for the Consumption/Income 
Relationship 

Chart 1 Revisions to the Income Outlook 
Induced by a $1 Surprise Income Increase 
in the Two Labor Income Models 

12 16 20 24 
Quarters After Surprise (/') 

36 39 

Chart 2 Weights on Revisions to the Income Outlook 
in the Consumpt ion Decision 
of the Permanent Income Model 

12 16 20 24 
Quarters After Surprise (/') 

'Weight on ^ relative to weight on «A0 

A Questionable Resolution 
One potential resolution to the Deaton paradox is to 
replace Deaton's assumption that the long-run effect of 
an income innovation is strong with the traditional view 
that it is weak. The results above suggest that one way 
to do this is to replace Deaton's AR(1) difference 
representation of income by the trend model. Today we 
seem to have no statistical basis for ruling this out. 

Nevertheless, there are serious questions about the 
plausibility of the trend model which prevent it from 
supplying a convincing resolution to the paradox. The 
difference model is more plausible, and there are other 
difference models than Deaton's. Among them is at 
least one which implies the traditional assumption that 
an income innovation is relatively transient and, in 
particular, does not imply the paradox. Unfortunately, 
even this way to restore the traditional view of the 
income innovation is controversial. 

• The Implausible Trend Model 
Despite its more realistic the trend model cannot 
now be used to resolve Deaton's paradox. This is 
because there is empirical evidence that the trend 
model is implausible. This is clear in Chart 3, where you 
see quarterly levels of per capita labor income in the 
United States between the mid-1950s and the mid-
1980s and a trend line computed from just the first 15 
years of data and extended through the rest of the 
period. Evidently, a household that lived through the 
1950s and 1960s, and believed the trend model of 
income, would have had serious doubts by the mid-
1970s since its expectation for income to return to the 
old trend would have been repeatedly disappointed. 
The peak of the 1971-73 U.S. expansion just barely 
brought labor income back to the old trend line, and the 
1975 recession seems to have driven it away perma-
nently. Thus, the trend specification for income cannot 
be used without formally taking account of the possi-
bility that households discarded their old trend specifi-
cation and somehow settled on a new one.15 That highly 
complex modeling problem is certainly beyond the 
scope of this paper.16 

An alternative resolution to that problem is to 
modify the trend specification in (25) by adding a term 
in t2, that is, by making the equation's trend quadratic, 

15The trend in Chart 3 is 3,096.02 + 28.13/ and was estimated by 
regressing yhi on a constant and time trend over the period from the third quarter 
of 1956 to the third of 1970. Formal tests over the period from the third quarter 
of 1956 to the first of 1984 confirm the visual impression that there was a break 
in trend in the third quarter of 1970. This is based on the following regression: 

yh = 3 9 8 . 9 0 + 131.41*/,+ 3 . 5 7 / - 2.43</,/ + 1.30^r_, - 0.42^,_2 
(3.3) (2.1) (3.1) ( -2 .4 ) (14.2) ( -4 .7 ) 

where dt is a dummy variable that is zero before the fourth quarter of 1970 and 
one after the third quarter and numbers beneath the point estimates are t-
statistics. The /-statistic on d,t is large enough to reject the null hypothesis that 
the associated coefficient is zero, indicating a significant change in trend. I 
repeated this test with log yht instead of yht in the above regression and got the 
same result. 

16Perron (1987) argues that a trend model with an exogenous change in the 
coefficient on t fits postwar U.S. data better than a difference model. 
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so that it curves as the data appear to. Unfortunately, 
this has its own problems. I reestimated this quadratic 
trend model, and its implied trend appears in Chart 4.17 

Note the bow shape of the trend. The role of the bow is 
to capture the apparent deterioration in economic 
performance that occurred in the 1970s and early 
1980s. Assuming households used this quadratic trend 
model to forecast income is equivalent to assuming that 
in the 1950s they confidently expected that 20 years 
later the economy would be weak. This seems im-
plausible, to say the least. I think it is much more 
probable that in the 1950s households looking 20 years 
ahead found an upturn as likely as a downturn. 

In sum, there are two problems with using the trend 
model to try to resolve Deaton's paradox. One is that the 
assumption underlying Deaton's own specification— 
that households used the same linear trend model to 
forecast income throughout the postwar era—seems 
implausible because it conflicts sharply with the 
properties of the income data themselves. The other 
problem is that a solution to the first p r o b l e m -
replacing the linear trend by a quadratic—is unattrac-
tive because it presumes an implausible amount of 
foresight by households. 

• The Unreliable Difference Model 
The trend model is not the only alternative to Deaton's 
specification which rationalizes the traditional view 
about the effect of an income innovation. There are 
difference models other than Deaton's which also do 
this. Moreover, the problems encountered with the 
trend model do not occur if we instead assume that 
households think of labor income as a difference rath-
er than a trend process. This can be seen in Chart 5, 
which plots the quarterly changes in the levels of yht 
since the mid-1950s. The two straight horizontal lines 
indicate the averages of the changes during two periods: 
from the third quarter of 1956 to the third of 1970 and 
from the fourth quarter of 1970 to the first of 1984. 
According to the difference model, when there is an 
unusually large or small change in income, all that can 
be expected is that the quarterly changes eventually 
return to some fixed underlying constant; the levels of 
y t̂ do not necessarily return to any previous trend. 

Under this view, the U.S. economy suffered several 
particularly bad shocks in 1975 and in the early 1980s, 
but after each one the quarterly changes returned to 
their underlying long-run average, which itself was 
fixed. This view is consistent with Chart 5's sawtooth 
pattern for the 1970s and 1980s. The contractions 
reflect the effects of bad shocks, and the expansions 

represent the resumption of the previous quarterly 
average change. Although the average change is 
slightly lower in the 1970s and 1980s than in the 
preceding two decades, it is not sufficiently smaller to 
shake the confidence of a believer in the difference 
specification.18 Thus, we can plausibly assume that 
households used the same difference specification to 
forecast labor income throughout this period. 

Therefore, the difference specification avoids the 
linear trend's problem in that the assumption that 
households used the same difference model to forecast 
income throughout the postwar period seems plausible. 
In addition, the difference model manages to capture 
the bow shape of postwar income data without assign-
ing an implausible degree of foresight to households, as 
the quadratic trend model does. The difference model's 
account for the bow is that there were a couple of 
episodes of bad negative shocks which drove down the 
level of income, but did not alter its average change. 
According to the difference model, from the perspec-
tive of the 1950s, the economy 20 years later was just as 
likely to bow up as down, since a couple of episodes of 
good shocks are as likely as a couple of episodes of bad 
shocks. 

Although a difference representation for y^ appears 
more plausible than a trend representation, this does not 
mean that Deaton's AR(1) difference specification is 
necessarily the preferred one. An alternative is the 
unobserved components model studied by Clark 
(1987) and Watson (1986). The estimated version of 
that difference model implies that the long-run effect of 

17The trend in Chart 4 is 2,936.51 + 37.93/ - 0.16/2 and is the one 
implied by the following regression, estimated over the period from the third 
quarter of 1956 to the first of 1984: 

Numbers in parentheses are /-statistics. Note the statistical significance of the 
coefficient on /2 . I also tested the null hypothesis that the constant and 
coefficients on / and /2 did not change in the third quarter of 1970. This joint null 
hypothesis fails to be rejected since the F-statistic has significance level 0.49. 
The quadratic trend model's V is 0.09, about half the linear trend model's V. 
This is not surprising because the deviations of the data from the quadratic trend 
are more temporary than the deviations from the linear trend. This is because 
the bow in the quadratic trend better mimics the apparent bow in the data. 

18TO test this formally, I estimated this AR( 1) difference model foryht over 
the period from the third quarter of 1956 to the first of 1984: 

y h t - y h t - 1 = 1 4 . 1 9 - 5 . 2 6 ^ + 0 . 3 7 ( ^ , _ - ^ _ 2 ) 
(2.1) (-0.6) (4.0) 

where dt is the dummy variable described in note 15 and numbers in 
parentheses are /-statistics. The small size of the /-statistic on the coefficient of 
dt indicates there is no evidence against the null hypothesis that the mean 
quarterly change of labor income has remained unchanged. Again, I repeated 
this test for logs of yht, with the same result. 
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Charts 3 - 5 

Three Views of Household Labor Income 
3rd Quarter 1956-1 st Quarter 1984 in the United States 

. Actual Data •Trend or Average 

Chart 3 Levels With a Linear Trend 

Chart 4 Levels With a Quadratic Trend 

1980 1984 

Chart 5 Changes With Averages 

1956 1960 1965 1970 

Sources of basic data: See Appendix. 

1980 1984 

a $1 innovation to income is considerably less than $1, 
so that with this representation of income the perma-
nent income model implies an empirically plausible 
degree of consumption volatility. Obviously, either the 
AR(1) model or the unobserved components model (or 
both) must be giving a misleading estimate of the long-
run impact of an income innovation. Further research is 
required to establish which one of these models yields 
the most plausible measure. 

Cochrane (1987) argues that neither one is reliable 
for this measurement. Even though the reported 
standard errors for the long-run effect of an income 
innovation are small, he argues that the precision is 
spurious and reflects aspects of the models' structure, in 
which we can have little confidence. Cochrane pro-
poses a procedure for measuring the long-run impact of 
an income innovation that does not depend on specify-
ing a particular model of income. Application of this 
procedure to postwar U.S. data confirms that precisely 
estimating persistence with such a small data set is 
difficult (Campbell and Mankiw 1987a). This has led 
some researchers to expand the U.S. data set by 
considering data from other countries as well (Camp-
bell and Mankiw 1987b,Kormendi andMeguire 1987). 

In summary, we don't know yet which assumption is 
the most plausible: the traditional one, which is that 
income innovations are transient, or Deaton's, which is 
that they have a strong, permanent effect. Therefore, we 
cannot rule out the possibility that the paradox will 
ultimately be resolved by restoring the traditional view 
about the effect of an income innovation. 

The Real Business Cycle Alternative 
Again, one way to possibly resolve the Deaton paradox 
is to modify Deaton's AR( 1) difference specification for 
labor income. Another way is to preserve that specifica-
tion and consider the possibility that other parts of the 
permanent income model are misspecified. Here I do 
that by shifting to another equilibrium growth model, a 
close relative: a real business cycle model. I describe 
this model and show that, even though in it labor 
income is an AR(1) difference process, consumption is 
substantially less volatile than labor income. 

The principal distinction between the permanent 
income and real business cycle models, which accounts 
for the latter's superior performance here, is that the 
permanent income model assumes the interest rate is 
fixed whereas the real business cycle model does not. 
Besides elaborating on this, I show here that there is a 
sense in which—aside from their family connection— 
these two are very similar models. 
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The Model 
Like the permanent income model, the real business 
cycle model is a growth model with its own particular 
specification for preferences (the utility function u) and 
technology (the production function / ) : 

(28) u(ct,lt) = In c, + ylt) f(kt,ztht) = 0zMl'e)ke
t 

where 7 and 6 are parameters and, recall, ct is 
consumption, lt leisure, kt the capital stock, ht hours 
worked, and zt the factors affecting productivity. Two 
features distinguish this model from the permanent 
income model. One is that here lt appears in the u 
function. This implies that the hours decision is 
modeled explicitly; labor i n c o m e , ^ , is determined by 
the model (is endogenous). The other distinguishing 
feature is t h a t / i s not linear in kt in the real business 
cycle model. This implies that in this model the risk-
free interest rate fluctuates rather than remains con-
stant and the risk premium is not zero. 

I adopt the following specification for the real 
business cycle model's zt\ 

(29) z, = z,_! ex p(x,), xt = 11 + pxt-x + et. 

The random variable xt is the growth rate of zt with the 
indicated AR(1) representation. This is an AR(1) 
difference specification for log zt. To see this, note that 
(29) can be rewritten as log zt = (1+p) log zt-X — 
p log z,_2 + M + et. Then 

(30) log Zf ~ log Zt—\ = [X + p(log Z,_! - log Zf—2 ) 

The real business cycle model has considerably more 
parameters than the permanent income model. I as-
signed these values to them: p = —0.077, n = 0.0035, 
7 = 0 .0026 , p = 0 .99, 5 = 0 .018, 0 = 0 .39, and 
oe — 0.019. This value for <5 is required if the gross 
investment series implied by dkt = kt+x — (1 ~8)kt is to 
resemble the gross investment series published by the 
U.S. Department of Commerce. Values for 0, 7 , and 
ju/( 1 p) are chosen to roughly match the model's 
implications for the average values of ht, ct/yt, and kt/yt 
with their empirical counterparts in U.S. data for the 
period from the second quarter of 1956 to the first of 
1984. The implied averages (and empirical values) for 
these variables are 323.9 (320.4), 0.72 (0.72), and 
11.32 (10.58), respectively. The values of p, /jl, and ae 
are based on regression analysis of the time series 

properties of zt, which can be measured using data on yt, 
kt, and ht given the value assigned to 6. (See Christiano, 
forthcoming, for a careful discussion of this method of 
selecting parameter values.) 

The method used to solve the model is described in 
Christiano 1987a,b, and the algebraic formulas for the 
decision rules are reported in Christiano 1987c (n. 4). 
All the data used are discussed in the Appendix. 

Partial Success 
I compute the real business cycle model's implication 
for the relative volatility of consumption and income by 
forming the ratio of an innovation in consumption to an 
innovation in labor income. This ratio is according to 
(17). 

To facilitate the interpretation of the outcome of this 
calculation, I first discuss part of the real business cycle 
model's innovation response functions. Chart 6 shows 
the first 30 quarters of the responses of ct, ht, dkt, andy, 
to a one standard deviation innovation in the growth 
rate of the technology shock zt in period 2, assuming 
that the system is on a steady-state growth path in 
periods 0 and 1 (that is, e2 — 0.019 and e, = 0 for 
f = 0 , 1 , 3 , 4 , . . . ) . More precisely yet, the curves in 
Chart 6 are the quarterly percentage deviations in these 
variables from a baseline scenario in which e , = 0 for 
t= 0 , 1 , 2 , 3 , . . . . 

With the assumed structure of zt, the innovation in et 
drives zt 1.9 percent above its baseline growth path in 
period 2, after which it declines to a path 1.76 percent 
above the baseline. After the shock, all the model's 
variables except ht and the risk-free rate of interest, r„ 
end up 1.76 percent above their baselines. The excep-
tions at first are increased by the shock, but eventually 
return to the value they had before it. 

As Chart 6 shows, consumption rises only gradually 
to its higher growth path. One way to explain this is to 
recall Robinson Crusoe. In particular, Crusoe chooses 
not to adjust consumption immediately after an un-
expected productivity increase because this agent also 
wants to increase saving and investment in order to take 
advantage of the temporarily higher rate of return on 
investment. That higher rate is reflected in capital 
investment's strong shock response. The incentive the 
shock creates to delay consumption by increasing 
saving is known as the substitution effect, whereas the 
incentive to increase consumption because the long-run 
ability to consume has increased is called the income 
effect. 

Though the interest rate, rt, does rise in response to 
the innovation in xt, the rise is quite small. It is so small, 
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in fact, that it is not shown in Chart 6. In the steady state, 
r, = 0.01667; after the shock, it jumps to 0.01728, then 
declines monotonically back to 0.01667. Thus, the 
effect on the interest rate is a negligible six one-
hundredths of a basis point. 

In Chart 6, note the early spikes in the responses of 
dkt, ht, a n d y r This reflects the fact that 7.15 percent of 
the initial 1.9 percent jump in zt is only temporary. The 
lack of a spike in ct reflects the small response of 
consumption to a temporary disturbance, which, in 
turn, explains the pronounced spike in capital invest-
ment. (Here the income effect on consumption is very 
small, whereas the substitution effect on investment is 
not.) Hours also respond fairly strongly to the tem-
porary component in the productivity shock (as 

Chart 6 

The Impact of a Technology Shock 
in the Real Business Cycle Model 

Percent Deviation of Shocked Path 
From Steady-State, Unshocked Path* 

Quarters 

*The shock is an unexpected 1.9% increase in z, in quarter 2; steady-state growth 
is assumed in quarters 0 and 1. 

explained in G. Hansen 1985). 
My goal here, remember, is to see how the model 

estimates the ratio of the jumps in consumption and 
labor income. The model's ratio of the jumps in 
consumption and total income in period 2 is 0.32; that 
is, consumption's innovation is about 32 percent of 
income's. In this model, ^ = (1—0)^ = 0.61^. Thus, 
the relevant relative volatility implied by the model is 
0.32/0.61 = 0.52. This real business cycle model seems 
to come close to matching the observed relative 
volatility of consumption and labor income, which is 
roughly one-half. 

Unfortunately, though, I cannot claim to have 
entirely resolved the paradox raised by Deaton. That is 
because the model is clearly flawed: successive changes 
in income have correlation of about —0.119, reflecting 
the fact that the serial correlation properties of 
equilibrium output in the model closely mimic those of 
zt. A naive application of the permanent income 
model's formula for ¥ thus yields ¥(1 .0 , -0 .119,0 .01) 
= 0.89, considerably less than the value of 1.5 8 implied 
by U.S. data. To get a version of the real business cycle 
model with a more reasonable autocorrelation structure 
for changes in yt, I changed p to 0.2, but left all other 
parameter values, including p/( 1 —fx), unchanged. With 
these parameter values, the model's first-order auto-
correlation of labor income changes is about 0.35, and 
¥(1 .0 ,0 .35 ,0 .01)= 1.53. Then the ratio of an innova-
tion in consumption to an innovation in labor income is 
0.84—higher than before, and than it should be, but 
about half as high as Deaton's paradoxical ratio. And 
unlike Deaton's ratio, the real business cycle model's is, 
like the actual ratio, less than 1; this model does, that is, 
correctly predict that consumption is less volatile than 
labor income. 

The Essential Difference. . . 
The reason for the real business cycle and permanent 
income models' sharply different implications seems to 
lie in the different nature of the shocks they assume. 
According to the real business cycle model, distur-
bances to output result from shocks that are expected to 
be permanent and which affect the rate of return on 
investment in capital. As we have seen, therefore, a rise 
in income signals not only that households' long-term 
ability to consume has risen, but also that the return on 
investment has. By itself, the increase in the long-run 
ability to consume motivates households to substan-
tially increase consumption today. This income effect 
on consumption is partially offset, though, by the 
substitution effect as households take advantage of the 
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increased return to saving.19 In contrast, the permanent 
income model assumes that shocks affect the average 
product of capital, not the marginal product. Because of 
this and the linearity o f / i n k, the model implies a fixed 
interest rate, thus allowing only the income effect to 
operate on consumption. When shocks are partially 
permanent, the income effect is very strong, which 
accounts for the model's counterfactual implications 
when the difference specification is used. 

... And a Surprising Similarity 
Surprisingly, despite their very different implications 
for the volatility of consumption, the permanent income 
and real business cycle models have very similar 
implications for other dynamic characteristics of con-
sumption. In particular, they both imply—at least 
roughly—that consumption follows a random walk 
This means that consumption in the current period is 
the best predictor of consumption next period, so that 
any change in consumption is uncorrelated with 
information available in the current period or earlier. 

The permanent income model implies that consump-
tion is exactly a random walk. This can quickly be 
verified from equation (7) and the fact that /3(1 +r) = 1 
[from (9) and (10)]. To see this, note that here (7) 
implies that Etu'(ct+ \) = u'(ct), or Etct+1 = ct under the 
model's specification of u in (9). (See note 12.) 

In the real business cycle model, rt is not a constant; 
but recall how little it moved. This suggests that 
consumption is approximately a random walk in this 
model as well. To demonstrate this property, I used the 
model to simulate 1,000 sets of 112 observations for ct, 
dkt, ht, and rt. This was done using the approximate 
decision rules in Christiano 1987c (n. 4), starting the 
initial capital stock on a steady-state growth path, and 
using e,'s drawn independently from a normal random 
number generator with mean zero and standard error 
0.019.1 needed 112 artificial observations because this 
is the length of my U.S. data set. For each artificial data 
set, I computed the correlation between the change in 
the log of consumption and the lag-one change in the 
log of consumption, income, and capital investment. In 
addition, I computed the correlation between the 
change in the log of consumption and lag-one hours 
worked and the lag-one real rate of interest. (I work in 
logs because the real business cycle model implies that 
is necessary to induce covariance stationarity.) 

The accompanying table shows the means of the real 
business cycle model correlations across the 1,000 
artificial data sets along with their associated standard 
deviations. The table also shows the correlations based 

A Random Walk in the Real Business Cycle Model 

Corre la t ions Wi th C o n s u m p t i o n Growth* 

First-Lag Variables 
Correlated With 
Consumption Growth* 

M o d e l S imu la t i ons* * 

Standard 
Deviation Mean 

U.S. 
E s t i m a t e s ! 

Consump t i on Growth* . 1 0 8 . 0 5 9 .271 

Income Grow th * . 0 9 8 . 0 4 5 . 2 0 4 

Hours W o r k e d . 1 2 9 . 0 7 9 - . 0 5 7 

Investment G row th * . 0 9 3 . 0 3 8 .161 

Interest Rate . 1 3 0 . 0 7 9 . 1 0 4 

"The growth of a variable x, is defined as log x( - log x M . 
"These are the results of 1,000 simulations, each 112 quarters long. 
fThe data period is from the 2nd quarter of 1956 to the 1st of 1984. 

Sources of U.S. data: See Appendix. 

on U.S. data. Note that all of the model correlations are 
small and have large standard deviations. In this sense, 
they are all close to zero, which is what they would be if 
consumption in the model were exactly a random walk. 
I computed (but don't show) the correlations up to lag 
four; they are also small, with large standard errors.20 

As is obvious in the table, the model's random walk 
implication does not square well with the actual U.S. 
data. In Christiano 1987b, I argue that much of the 
discrepancy can be accounted for by the fact that the 
data are time averaged. A similar argument in the 
context of the permanent income model is made in 
Christiano, Eichenbaum, and Marshall 1987. 

19Another model that illustrates this possibility is in Christiano, 
Eichenbaum, and Marshall 1987. The model there which is most relevant is 
called the discrete time stochastic labor requirement model which has two 
technology shocks: one affects average productivity, and one affects the 
intertemporal rate of return on investment. Here, as in Deaton's version of the 
permanent income model, the average productivity shock is specified to be an 
AR(1) in first differences. Econometric estimation of the model's parameters 
results in positive estimated correlation between the innovations in the average 
and marginal productivity shocks. This, in turn, results in the model having an 
empirically reasonable prediction for the relative volatility of consumption and 
income. The mechanism by which this is accomplished is identical to that in my 
real business cycle model. 

20The real business cycle model has many other implications as well. Some 
of these are explored in Christiano 1987c, forthcoming. 
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Appendix 
The U.S. Data Used in the Models 

The U.S. data used in the models in the accompanying paper 
are primarily standard measures available from standard 
sources. (For a detailed discussion, see Christiano 1987d.) 

The resource constraint, (1) in the paper, divides all output, 
yt, into only two categories: consumption, ct, and investment, 
dkt. In view of this, I consolidate private and government 
spending. Thus, ct and dkt are private plus public consumption 
and investment, respectively. Private consumption here has 
three components: personal consumption expenditures on 
nondurables and on services and the service flow from the 
stock of durable goods held by households. My measure of the 
service flow is from the data base documented in Brayton and 
Mauskopf 1985. For the other two components of private 
consumption, I use the U.S. Department of Commerce 
National Income and Product Accounts (NIPA). Public 
consumption is measured as the NIPA government purchases 
of goods and services, but reduced by an update of the 
measure of government investment discussed in Musgrave 
1980. Investment is the sum of that government investment, 
NIPA personal expenditures on durables, and NIPA private 
domestic investment. Gross output is the NIPA measure of 
gross national product plus the service flow from the stock of 
consumer durables minus net exports. 

The stock of capital, kt, is defined as the beginning-of-
quarter stock of public and private equipment and structures 
plus the stock of consumer durables plus public and private 
residential capital. This definition conforms with the defini-

tion of investment. Given the U.S. data on dkt and kt, equation 
(3) in the accompanying paper can be used to measure the 
quarterly rate of depreciation in the capital stock, <5.1 use G. 
Hansen's (1984) measure of hours worked, ht. 

Variables are converted to per capita terms by the 
working-age population, measured in a way that conforms 
with G. Hansen's (1984) measure of hours worked. All flow 
variables (ct,dkt,yt,ht) are measured at a quarterly rate. 

A Feel for the Numbers 
You may want an idea of the size of these measured variables. 
In the United States, between the second quarter of 1956 and 
the first quarter of 1984, the average values of ht, ct/yt, and 
kt/yt are 320.4 hours, 0.72, and 10.58, respectively. In 
addition, the average value of the ratio of labor income to total 
income (y^Ay,) is roughly 0.66 and has been remarkably 
constant throughout the 20th century (Christiano, forth-
coming, n. 3). Although no value of the quarterly depreciation 
rate results in an exact fit of the paper's equation (3), the value 
8 = 0.018 seems to do best. This implies an annual depre-
ciation rate of 7 4 percent. Since in the data kt is composed of 
many different kinds of capital, 8 = 0.018 should be thought 
of as a kind of average depreciation rate across different kinds 
of capital, each with a different rate of depreciation. Included, 
for example, are both toasters and houses, which presumably 
have very different depreciation rates. 
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