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ABSTRACT

We construct a quantitative equilibrium model with firms setting prices in a staggered fashion and use it
to ask whether monetary shocks can generate business cycle fluctuations.  These fluctuations include per-
sistent movements in output along with the other defining features of business cycles, like volatile in-
vestment and smooth consumption.  We assume that prices are exogenously sticky for a short time.  Per-
sistent output fluctuations require endogenous price stickiness in the sense that firms choose not to change
prices much when they can do so.  We find that for a wide range of parameter values, the amount of en-
dogenous stickiness is small.  Thus, we find that in a standard quantitative model, staggered price-setting,
alone, does not generate business cycle fluctuations.

*The views expressed herein are those of the authors and not necessarily those of the Federal Reserve Bank of Min-
neapolis or the Federal Reserve System.
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Zh frqvwuxfw d txdqwlwdwlyh htxloleulxp prgho zlwk �upv vhwwlqj sulfhv lq d vwdjjhuhg

idvklrq dqg xvh lw wr dvn zkhwkhu prqhwdu| vkrfnv fdq jhqhudwh exvlqhvv f|foh �xfwxdwlrqv1

Wkhvh �xfwxdwlrqv lqfoxgh shuvlvwhqw pryhphqwv lq rxwsxw dorqj zlwk wkh rwkhu gh�qlqj ihdwxuhv

ri exvlqhvv f|fohv/ olnh yrodwloh lqyhvwphqw dqg vprrwk frqvxpswlrq1 Zh dvvxph wkdw sulfhv duh

h{rjhqrxvo| vwlfn| iru d vkruw wlph1 Shuvlvwhqw rxwsxw �xfwxdwlrqv uhtxluh hqgrjhqrxv sulfh

vwlfnlqhvv lq wkh vhqvh wkdw �upv fkrrvh qrw wr fkdqjh sulfhv pxfk zkhq wkh| fdq gr vr1 Zh

�qg wkdw iru d zlgh udqjh ri sdudphwhu ydoxhv/ wkh dprxqw ri hqgrjhqrxv vwlfnlqhvv lv vpdoo1

Wkxv/ zh �qg wkdw lq d vwdqgdug txdqwlwdwlyh prgho/ vwdjjhuhg sulfh0vhwwlqj/ dorqh/ grhv qrw

jhqhudwh exvlqhvv f|foh �xfwxdwlrqv1

lj+�Niat= Vwdjjhuhg sulfh0vhwwlqj/ hqgrjhqrxv sulfh vwlfnlqhvv/ prqhwdu| exvlqhvv f|fohv1

41 YA|iNa�W|�NA

Vlqfh wkh hduo| 4<:3v/ pdfurhfrqrplvwv kdyh nqrzq krz wr frqvwuxfw jhqhudo htxloleulxp prghov lq

zklfk prqhwdu| vkrfnv jhqhudwh frqwhpsrudqhrxv rxwsxw �xfwxdwlrqv1 +H{dpsohv ri vxfk prghov

lqfoxgh wkh zrun ri Oxfdv +4<:5/ 4<<3,/ Ilvfkhu +4<::,/ Skhosv dqg Wd|oru +4<::,/ dqg Oxfdv dqg

Zrrgirug +4<<6,1, Wkh pruh gl�fxow sureohp lv wr frqvwuxfw prghov lq zklfk prqhwdu| vkrfnv

jhqhudwh wkh pdlq ihdwxuh ri exvlqhvv f|fohv= shuvlvwhqw pryhphqwv lq rxwsxw1 Lq d odujh fodvv

ri prghov/ jhqhudwlqj vxfk shuvlvwhqfh uhtxluhv wkdw sulfhv qrw fkdqjh pxfk iru d orqj wlph diwhu

prqhwdu| vkrfnv1 Dq xqdsshdolqj zd| ri jhqhudwlqj shuvlvwhqfh lv wr vlpso| dvvxph wkdw sulfhv duh

h{rjhqrxvo| �{hg iru orqj shulrgv ri wlph1 D suhihudeoh zd| lv wr frqvwuxfw prghov lq zklfk vpdoo
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iulfwlrqv ohdg wr orqj shulrgv ri hqgrjhqrxv sulfh uljlglw| dqg/ khqfh/ shuvlvwhqw rxwsxw pryhphqwv1

Vwdjjhuhg sulfh0vhwwlqj surylghv d surplvlqj phfkdqlvp wr jhqhudwh orqj shulrgv ri hqgrjh0

qrxv sulfh vwlfnlqhvv zlwk wkh vpdoo iulfwlrqv ri vkruw shulrgv ri h{rjhqrxv sulfh vwlfnlqhvv1 Wd|oru

+4<;3/ s1 5, surylghv dq hortxhqw h{srvlwlrq ri wklv phfkdqlvp=

Ehfdxvh ri wkh vwdjjhulqj/ vrph �upv zloo kdyh hvwdeolvkhg wkhlu zdjh udwhv sulru wr

wkh fxuuhqw qhjrwldwlrqv/ exw rwkhuv zloo hvwdeolvk wkhlu zdjh udwhv lq ixwxuh shulrgv1

Khqfh/ zkhq frqvlghulqj uhodwlyh zdjhv/ �upv dqg xqlrqv pxvw orrn erwk iruzdug dqg

edfnzdug lq wlph wr vhh zkdw rwkhu zrunhuv zloo eh sdlg gxulqj wkhlu rzq frqwudfw

shulrg1 Lq h�hfw/ hdfk frqwudfw lv zulwwhq uhodwlyh wr rwkhu frqwudfwv/ dqg wklv fdxvhv

vkrfnv wr eh sdvvhg rq iurp rqh frqwudfw wr dqrwkhu�d vruw ri _frqwudfw pxowlsolhu1%

Wkxv/ wkh lghd lv wkdw vwdjjhuhg sulfh0vhwwlqj ohdgv wr lqwhudfwlrqv dprqj sulfh0vhwwhuv wkdw jhqhu0

dwh orqjhu pryhphqwv lq rxwsxw wkdq grhv d vlplodu prgho zlwk v|qfkurql}hg sulfh0vhwwlqj1 Wd|oru

+4<;3, dqg Eodqfkdug +4<<4, lqyhvwljdwh wklv phfkdqlvp iru jhqhudwlqj shuvlvwhqw rxwsxw �xfwxd0

wlrqv/ exw erwk h{rjhqrxvo| vshfli| wkh uxohv iru vhwwlqj zdjhv ru sulfhv1

Khuh zh vwxg| d txdqwlwdwlyh jhqhudo htxloleulxp prgho zlwk udwlrqdo sulfh0vhwwlqj �upv dqg

vwdjjhuhg sulfh0vhwwlqj dqg dvn li wkh prgho fdq jhqhudwh d prqhwdu| exvlqhvv f|foh1 Lq sduwlfxodu/

zh xvh d yduldqw ri d vwdqgdug vwlfn| sulfh prgho lq zklfk lpshuihfwo| frpshwlwlyh �upv vhw qrplqdo

sulfhv dqg uhdo prqh| edodqfhv hqwhu wkh frqvxphu*v xwlolw| ixqfwlrq12 Wr wklv vhwxs zh dgg wlph/

xqfhuwdlqw|/ dqg fdslwdo dffxpxodwlrq/ dv zhoo dv vwdjjhuhg sulfh0vhwwlqj1 Zh dvn zkhwkhu wkh

prgho zlwk d vkruw shulrg ri h{rjhqrxv sulfh vwlfnlqhvv fdq jhqhudwh orqj shulrgv ri hqgrjhqrxv

sulfh vwlfnlqhvv dqg shuvlvwhqw rxwsxw �xfwxdwlrqv1 Rxu pdlq �qglqj lv wkdw lw fdqqrw= vwdjjhuhg

sulfh0vhwwlqj/ e| lwvhoi/ grhv qrw jhqhudwh exvlqhvv f|fohv gulyhq e| prqhwdu| vkrfnv1

Zh dovr �qg wkdw wkh lqwhuwhpsrudo olqnv ri fdslwdo dffxpxodwlrq dqg lqwhuhvw0vhqvlwlyh prqh|

ghpdqg sod| d fhqwudo uroh lq jhqhudwlqj wkh shuvlvwhqfh sureohp1 Vshfl�fdoo|/ zh vkrz wkdw lq

yhuvlrqv ri rxu prgho zlwkrxw lqwhuwhpsrudo olqnv/ vwdjjhuhg sulfh0vhwwlqj ohdgv wr shuvlvwhqw rxwsxw
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�xfwxdwlrqv diwhu prqhwdu| vkrfnv/ exw rqfh vxfk olqnv duh lqwurgxfhg/ rxwsxw �xfwxdwlrqv duh qr

orqjhu shuvlvwhqw1

Rxu prgho kdv d frqwlqxxp ri prqrsrolvwlfdoo| frpshwlwlyh �upv wkdw surgxfh gl�huhqwldwhg

surgxfwv xvlqj fdslwdo dqg oderu1 Wkhvh �upv vhw qrplqdo sulfhv iru d �{hg qxpehu ri shulrgv dqg

gr vr lq d vwdjjhuhg idvklrq1 Lq sduwlfxodu/ hdfk shulrg/ 4@Q ri wkh �upv fkrrvh qhz sulfhv/ zklfk

duh wkhq �{hg iru Q shulrgv1 Wkh frqvxphu vlgh ri wkh prgho lv vwdqgdug1 Frqvxphuv duh lq�qlwho|

olyhg dqg kdyh suhihuhqfhv ryhu frqvxpswlrq/ ohlvxuh/ dqg uhdo prqh| edodqfhv1 Wkh qrplqdo prqh|

vxsso| iroorzv dq h{rjhqrxv vwrfkdvwlf surfhvv1

Zh phdvxuh wkh h�hfw ri vwdjjhuhg sulfh0vhwwlqj rq wkh shuvlvwhqfh ri rxwsxw e| wkh frqwudfw

pxowlsolhu1 Wklv pxowlsolhu lv wkh udwlr ri wkh kdoi0olih ri rxwsxw ghyldwlrqv diwhu d prqhwdu| vkrfn

zlwk vwdjjhuhg sulfh0vhwwlqj wr wkh fruuhvsrqglqj kdoi0olih zlwk v|qfkurql}hg sulfh vhwwlqj1 Wkh kdoi0

olih ri rxwsxw ghyldwlrqv zlwk v|qfkurql}hg sulfh0vhwwlqj lv urxjko| rqh0kdoi wkh ohqjwk ri h{rjhqrxv

sulfh vwlfnlqhvv= Wkh kdoi0olih ri rxwsxw lq wkh gdwd lv 43 txduwhuv1 Wkxv/ li wkh shulrg ri h{rjhqrxv

sulfh vwlfnlqhvv lv derxw rqh txduwhu/ wkhq wkh prgho zlwk vwdjjhuhg sulfh0vhwwlqj pxvw surgxfh d

frqwudfw pxowlsolhu ri derxw 53 lq rughu wr pdwfk wkh gdwd1

Rxu ehqfkpdun vshfl�fdwlrq lv wkh vwdqgdug rqh lq wkh exvlqhvv f|foh olwhudwxuh1 Wkh xwlolw|

ixqfwlrq kdv xqlw hodvwlflw| ri vxevwlwxwlrq ehwzhhq frqvxpswlrq dqg ohlvxuh dqg lv wkxv frqvlvwhqw

zlwk edodqfhg jurzwk1 Rxu vshfl�fdwlrq ri ghpdqg iru lqwhuphgldwh jrrgv kdv frqvwdqw hodvwlflw|/

dv lq wkh zrun ri Gl{lw dqg Vwljolw} +4<::,1 Rxu whfkqrorj| kdv frqvwdqw uhwxuqv wr vfdoh1 Zkhq

zh fdoleudwh wkh prgho/ zh �qg wkdw wkh frqwudfw pxowlsolhu lv urxjko| 41 Wkxv/ iru rxu ehqfkpdun

vshfl�fdwlrq/ wkh vwdjjhuhg sulfh0vhwwlqj phfkdqlvp grhv qrw jhqhudwh shuvlvwhqfh1

Lq rughu wr jdlq vrph lqwxlwlrq iru wkhvh uhvxowv/ zh vhh zkdw kdsshqv zkhq zh holplqdwh

fdslwdo dqg lpsrvh d vwdwlf prqh| ghpdqg htxdwlrq1 Wkh olqhdul}hg yhuvlrq ri wklv prgho frqvlvwv

ri wzr htxdwlrqv/ d vwdwlf prqh| ghpdqg htxdwlrq dqg d sulfh0vhwwlqj htxdwlrq/ wkdw duh hvvhqwldoo|

lghqwlfdo wr wkrvh xvhg e| Wd|oru +4<;3,1 Wkh rqo| gl�huhqfh ehwzhhq Wd|oru*v htxdwlrqv dqg rxuv
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+ehvlghv klv zdjhv ehlqj uhodehohg dv rxu sulfhv, lv wkdw lq Wd|oru*v irupxodwlrq wkh frh�flhqw rq

wkh vxp ri ixwxuh rxwsxw lq wkh sulfh0vhwwlqj htxdwlrq lv d iuhh sdudphwhu/ zkloh lq rxuv lw lv d

ixqfwlrq ri wkh sdudphwhuv ri wkh xqghuo|lqj hfrqrp|1 Iru wkh prgho wr jhqhudwh d shuvlvwhqw

rxwsxw uhvsrqvh wr d prqhwdu| vkrfn/ wklv frh�flhqw pxvw eh vpdoo/ vr wkdw prqhwdu| vkrfnv gr

qrw lqgxfh �upv wr udlvh wkhlu sulfhv pxfk1 Lq rxu prgho/ wklv frh�flhqw lv wkh surgxfw ri wzr

sdudphwhuv= wkh vhqvlwlylw| ri sulfhv wr frvwv dqg wkh vhqvlwlylw| ri frvwv wr rxwsxw1 Zlwk frqvwdqw

hodvwlflw| ri ghpdqg/ sulfhv pryh rqh0iru0rqh zlwk frvwv1 Zlwk xqlw hodvwlflw| ri vxevwlwxwlrq lq

suhihuhqfhv/ frvwv duh h{wuhpho| vhqvlwlyh wr rxwsxw1 Wkxv/ lq rxu prgho/ wkh frh�flhqw rq wkh vxp

ri ixwxuh rxwsxw lv odujh/ dqg prqhwdu| vkrfnv gr qrw kdyh shuvlvwhqw h�hfwv rq rxwsxw1

Zh h{dplqh wkuhh zd|v ri srvvleo| lqfuhdvlqj wkh shuvlvwhqfh ri rxwsxw pryhphqwv1 Rqh lv

wr pdnh frqvxpswlrq dqg ohlvxuh forvh wr shuihfw vxevwlwxwhv lq suhihuhqfhv/ vr wkdw frvwv duh ohvv

vhqvlwlyh wr rxwsxw1 Zlwk vxfk suhihuhqfhv/ wkh frqwudfw pxowlsolhu lv 53 zlwkrxw lqwhuwhpsrudo

olqnv exw ohvv wkdq 4 zlwk vxfk olqnv1 Wkxv/ zkloh holplqdwlqj wkh lqwhuwhpsrudo olqnv ri fdslwdo

dffxpxodwlrq dqg lqwhuhvw0vhqvlwlyh prqh| ghpdqg pdnhv ghyhorslqj dqdo|wlfdo h{suhvvlrqv hdv|/

wklv surfhgxuh fdq eh plvohdglqj1 Zh dovr �qg wkdw erwk zlwk dqg zlwkrxw lqwhuwhpsrudo olqnv/

sulfhv fkdqjh kdugo| dw doo diwhu d prqhwdu| vkrfn/ exw zlwk lqwhuwhpsrudo olqnv/ rxwsxw lv qrw

shuvlvwhqw1 Wklv �qglqj vkrzv wkdw hqgrjhqrxv sulfh vwlfnlqhvv/ e| lwvhoi/ grhv qrw qhfhvvdulo|

lpso| shuvlvwhqw rxwsxw �xfwxdwlrqv1

Dqrwkhu phfkdqlvp zh h{soruh/ vxjjhvwhg e| Nlpedoo +4<<8,/ lv ghvljqhg wr pdnh sulfhv

ohvv vhqvlwlyh wr frvw fkdqjhv1 Li lqwhuphgldwh jrrgv surgxfhuv idfh dq hodvwlflw| ri ghpdqg zklfk

ulvhv dv wkhlu uhodwlyh sulfhv ulvh/ vr wkdw ghpdqg lv frqyh{/ wkhq wkhvh surgxfhuv pd| rswlpdoo|

fkrrvh qrw wr udlvh wkhlu sulfhv pxfk diwhu d prqhwdu| vkrfn wkdw udlvhv rxwsxw dqg frvwv1 Zh vkrz

wkdw jhqhudwlqj shuvlvwhqfh iurp wklv ihdwxuh uhtxluhv h{wudruglqdulo| frqyh{ ghpdqg ixqfwlrqv iru

lqwhuphgldwh jrrgv1

D wklug srwhqwldoo| khosixo phfkdqlvp kdv ehhq vxjjhvwhg e| Urwhpehuj +4<<9,1 Kh vxjjhvwv
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wkdw shuvlvwhqfh fdq eh lqfuhdvhg li �upv idfh xszdug0vorslqj pdujlqdo frvw fxuyhv/ dv wkh| gr li wkh|

xvh vshfl�f idfwruv wkdw duh lqhodvwlfdoo| vxssolhg1 Dgglqj vshfl�f idfwruv pdnhv frvwv dqg sulfhv

ohvv vhqvlwlyh wr zdjh fkdqjhv1 Lqghhg/ zlwk vshfl�f idfwruv dqg zlwk h{wuhpho| hodvwlf ghpdqg/

odujh frqwudfw pxowlsolhuv fdq eh rewdlqhg lq wkh prgho zlwkrxw lqwhuwhpsrudo olqnv1 Exw khuh/ wrr/

dgglqj lqwhuwhpsrudo olqnv uhgxfhv wkh frqwudfw pxowlsolhu vljql�fdqwo|1

Ilqdoo|/ zh frqvlghu d prgho zlwk frpelqdwlrqv ri doo wkh yduldwlrqv zh kdyh h{soruhg1 Zh

�qg wkdw wkh frqwudfw pxowlsolhu lv dssur{lpdwho| 51 Wkxv/ wr jhw wkh nlqg ri shuvlvwhqfh vhhq lq

wkh gdwd/ wkh h{rjhqrxv sulfh vwlfnlqhvv qhhgv wr odvw urxjko| 5�2 |hduv1

51 � �jAW�6Bi" �NAj|Bi+ .WNAN6+

Frqvlghu d prqhwdu| hfrqrp| srsxodwhg e| d odujh qxpehu ri lghqwlfdo/ lq�qlwho| olyhg

frqvxphuv1 Lq hdfk shulrg w/ wkh hfrqrp| h{shulhqfhv rqh ri �qlwho| pdq| hyhqwv v|� Zh ghqrwh

e| v| @ +vf> = = = > v|, wkh klvwru| ri hyhqwv xs wkurxjk dqg lqfoxglqj shulrg w1 Wkh suredelolw|/ dv ri

shulrg 3/ ri dq| sduwlfxodu klvwru| v| lv �+v|,1 Wkh lqlwldo uhdol}dwlrq vf lv jlyhq1

Lq hdfk shulrg w> wkh frpprglwlhv lq wklv hfrqrp| duh oderu/ d frqvxpswlrq0fdslwdo jrrg/

prqh|/ dqg d frqwlqxxp ri lqwhuphgldwh jrrgv lqgh{hg e| l 5 ^3> 4`1 Wkh whfkqrorj| iru surgxflqj

�qdo jrrgv iurp lqwhuphgldwh jrrgv dw klvwru| v| lv

|+v|, @

�]
|+l> v|,w gl

� �

w

>+4,

zkhuh |+v|, lv wkh �qdo jrrg/ |+l> v|, lv dq lqwhuphgldwh jrrg ri w|sh l> dqg wkh hodvwlflw| ri vxe0

vwlwxwlrq ehwzhhq jrrgv lv 4@+4� �,1 Wkh whfkqrorj| iru surgxflqj hdfk lqwhuphgldwh jrrg l lv d

vwdqgdug frqvwdqw uhwxuqv wr vfdoh surgxfwlrq ixqfwlrq=

|+l> v|, @ I En+l> v|,> o+l> v|,�>+5,

zkhuh n+l> v|, dqg o+l> v|, duh wkh lqsxwv ri fdslwdo dqg oderu1

Ilqdo jrrgv surgxfhuv ehkdyh frpshwlwlyho|1 Lq hdfk shulrg w> wkh| fkrrvh lqsxwv |+l> v|, iru
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doo l 5 ^3> 4` dqg rxwsxw |+v|, wr pd{lpl}h sur�wv jlyhq e|

pd{ �S +v|,|+v|,�
]

S +l> v|3�,|+l> v|,gl>+6,

vxemhfw wr +4,/ zkhuh �S +v|, lv wkh sulfh ri wkh �qdo jrrg lq shulrg w dqg S +l> v|3�, lv wkh sulfh ri

lqwhuphgldwh jrrg l lq shulrg w1 Wkh lqwhuphgldwh jrrgv sulfhv gr qrw ghshqg rq v| ehfdxvh shulrg

w sulfhv lq rxu hfrqrp| duh vhw ehiruh wkh uhdol}dwlrq ri wkh shulrg w vkrfnv1 Vroylqj wkh sureohp

lq +6, jlyhv wkh lqsxw ghpdqg ixqfwlrqv=

|_+l> v|, @

%
�S +v|,

S +l> v|3�,

& �

�3w

|+v|,=+7,

Wkh }hur0sur�w frqglwlrq lpsolhv wkdw

�S +v|, @

�]
S +l> v|3�,

w
w3� gl

� w3�
w

=+8,

Qrwlfh wkdw lq htxloleulxp wkh rxwsxw sulfh lq shulrg w ghshqgv rq rqo| v|3�=

Lqwhuphgldwh jrrgv surgxfhuv ehkdyh dv lpshuihfw frpshwlwruv1 Wkh| vhw sulfhv iru Q shulrgv

dqg gr vr lq d vwdjjhuhg idvklrq1 Lq sduwlfxodu/ lq hdfk shulrg w> d iudfwlrq 4@Q ri wkhvh surgxfhuv

fkrrvh qhz sulfhv S +l> v|3�, ehiruh wkh uhdol}dwlrq ri wkh hyhqw v|1 Wkhvh sulfhv duh vhw iru Q shulrgv/

vr iru wklv jurxs ri lqwhuphgldwh jrrgv surgxfhuv/ S +l> v|n�3�, @ S +l> v|3�, iru � @ 3> = = = >Q � 4=

Wkh lqwhuphgldwh jrrgv surgxfhuv duh lqgh{hg vr wkdw surgxfhuv lqgh{hg l 5 ^3> 4@Q ` vhw qhz sulfhv

lq 3/ Q / 5Q / dqg vr rq/ zkloh surgxfhuv lqgh{hg l 5 ^4@Q> 5@Q ` vhw qhz sulfhv lq 4/ Q .4/ 5Q .4/

dqg vr rq/ iru wkh Q frkruwv ri lqwhuphgldwh jrrgv surgxfhuv1 Lq shulrg w/ hdfk surgxfhu lq d

frkruw fkrrvhv sulfhv S +l> v|3�, wr pd{lpl}h glvfrxqwhg sur�wv iurp shulrg w wr shulrg w.Q � 41

Wkdw lv/ hdfk vroyhv wklv sureohp=

pd{
� E�cr|3��

|n�3�[
�'|

[
r�

T+v� mv|3�,
k
S +l> v|3�,� y+v� , �S +v� ,

l
|_+l> v� ,>+9,

zkhuh T+v� mv|3�, lv wkh sulfh ri rqh groodu lq v� lq xqlwv ri grooduv dw v|3�/ y+v|, lv wkh xqlw frvw ri

surgxfwlrq dw v|/ dqg |_+l> v|, lv jlyhq lq +7,1 Wkh xqlw frvw ri surgxfwlrq lv jlyhq e|

y+v|, @ plq
&c,

u+v|,n .z+v|,o+:,
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vxemhfw wr I +n> o, � 4> zkhuh u+v|, lv wkh uhqwdo udwh rq fdslwdo dqg z+v|, lv wkh uhdo zdjh udwh1 Wkh

vroxwlrq wr wkh sureohp vwdwhg lq +9, lv

S +l> v|3�, @

S|n�3�
�'|

S
r� T+v� mv|3�, �S +v� ,

23w
�3w y+v� ,|+v� ,

�
S|n�3�

�'|

S
r� T+v� mv|3�, �S +v� ,

�

�3w |+v� ,
=+;,

Lpsolflw lq wklv sureohp duh wkh ghpdqgv iru fdslwdo dqg oderu e| wkh lqwhuphgldwh jrrgv surgxfhuv1

+Qrwh wkdw wkhvh idfwru ghpdqgv duh wkh xqlw idfwru ghpdqgv/ zklfk vroyh +:,/ pxowlsolhg e| wkh

ohyho ri rxwsxw ri wkh lqwhuphgldwh jrrgv surgxfhu1, Wkhvh idfwru ghpdqgv/ n+l> v|, dqg o+l> v|,> ri

surgxfhu l lq shulrg w duh pdgh diwhu wkh uhdol}dwlrq ri wkh hyhqw v| dqg wkxv ghshqg rq v|= Frvw

plqlpl}dwlrq lpsolhv wkdw

I,En+l> v|,> o+l> v|,�
I&En+l> v|,> o+l> v|,�

@
z+v|,

u+v|,
=+<,

Jlyhq frqvwdqw uhwxuqv wr vfdoh/ wklv lpsolhv wkdw fdslwdo0oderu udwlrv duh htxdwhg dfurvv wkh lqwhu0

phgldwh jrrgv �upv/ vr iru doo l 5 ^3> 4`>

n+l> v|,

o+l> v|,
@

n+3> v|,

o+3> v|,
=+43,

Lq zkdw iroorzv/ hdfk lqwhuphgldwh jrrgv �up kdv wkh Free0Grxjodv surgxfwlrq ixqfwlrq/ I En+l> v|,>

o+l> v|,�@ n+l> v|,ko+l> v|,�3k/ zkhuh � lv wkh vkduh ri fdslwdo lq frvwv1 Wkxv +<, fdq eh zulwwhq dv

�
4� �

�

�
n+l> v|,

o+l> v|,
@

z+v|,

u+v|,
=+44,

Frqvxphu suhihuhqfhv duh jlyhq e|

"[
|'f

[
r|

�|�+v|,XEf+v|,> o+v|,>P+v|,@ �S +v|,�>+45,

zkhuh 3 ? � ? 4 lv wkh glvfrxqw idfwru dqg zkhuh f+v|,/ o+v|,/ dqg P+v|, duh frqvxpswlrq/ oderu/

dqg qrplqdo prqh| edodqfhv/ uhvshfwlyho|1 Lq hdfk shulrg w @ 3> 4> = = =/ frqvxphuv fkrrvh wkhlu

shulrg w doorfdwlrqv diwhu wkh uhdol}dwlrq ri wkh hyhqw v|1 Wkh sureohp ri frqvxphuv lv wr fkrrvh

uxohv iru frqvxpswlrq f+v|,/ oderu o+v|,/ fdslwdo vwrfnv n+v|,/ qrplqdo prqh| edodqfhv P+v|,/ dqg

:



rqh0shulrg qrplqdo erqgv E+v|n�, wr pd{lpl}h +45, vxemhfw wr wkh vhtxhqfh ri exgjhw frqvwudlqwv

�S +v|,
�
f+v|, . n+v|,

�
.P+v|, .

[
r|n�

T+v|n�mv|,E+v|n�,

� �S +v|,
�
z+v|,o+v|, . ^u+v|, . 4� �`n+v|3�,

�

. P+v|3�, .E+v|, . �+v|, . W +v|, +w @ 3> 4> = = =,

dqg eruurzlqj frqvwudlqwvE+v|n�, � �E iru vrph odujh qhjdwlyh qxpehu �E=Khuh �+v|, lv wkh qrplqdo

sur�wv ri wkh lqwhuphgldwh jrrgv surgxfhuv/ W +v|, lv qrplqdo wudqvihuv/ dqg � lv wkh ghsuhfldwlrq

udwh ri fdslwdo1 Wkh lqlwldo frqglwlrqv n+v3�,/ P+v3�,/ dqg E+vf, duh jlyhq1 Hdfk ri wkh qrplqdo

erqgv E+v|n�, lv d fodlp wr rqh groodu lq vwdwh v|n� dqg frvwv T+v|n�mv|, grooduv lq vwdwh v|= Lq

whupv ri uhodwlqj wkh sulfhv lq wkh lqwhuphgldwh jrrgv surgxfhuv* sureohp wr wkhvh sulfhv/ qrwh wkdw

T+v� mv|, @ T+v|n�mv|,T+v|n2mv|n�, � � � T+v� mv�3�, iru doo � A w= Wkh �uvw0rughu frqglwlrqv iru wkh

frqvxphu fdq eh zulwwhq dv

�X,+v
|,

XS+v|,
@ z+v|,>+46,

XS+v
|,

�S +v|,
� X6+v

|,
�S +v|,

@ �
[
r|n�

�+v|n�mv|,XS+v
|n�,

�S +v|n�,
>+47,

XS+v
|, @ �

[
r|n�

�+v|n�mv|,XS+v
|n�,^u+v|n�, . 4� �`>+48,

T+v� mv|, @ ��3|�+v� mv|,XS+v
� ,

XS+v|,

�S +v|,
�S +v� ,

+49,

iru doo � A w> zkhuh XS+v|,/ X,+v
|,/ dqg X6+v|, ghqrwh wkh ghulydwlyhv ri wkh xwlolw| ixqfwlrq zlwk

uhvshfw wr lwv dujxphqwv dqg �+v� mv|, @ �+v� ,@�+v|, lv wkh frqglwlrqdo suredelolw| ri v� jlyhq v|1

Wkh qrplqdo prqh| vxsso| surfhvv lv jlyhq e| P+v|, @ �+v|,P+v|3�,/ zkhuh �+v|, lv d

vwrfkdvwlf surfhvv1 Qhz prqh| edodqfhv duh glvwulexwhg wr frqvxphuv lq d oxps0vxp idvklrq e|

kdylqj qrplqdo wudqvihuv vdwlvi| W +v|, @ P+v|,�P+v|3�,1

Lq whupv ri pdunhw0fohdulqj frqglwlrqv/ frqvlghu �uvw wkh idfwru pdunhwv1 Qrwlfh wkdw wkh

;



fdslwdo vwrfn fkrvhq e| frqvxphuv lq shulrg w � 4 iru uhqwdo lq shulrg w lv n+v|3�, zkloh wkh oderu

vxsso| lq shulrg w lv o+v|,= Lq wxuq/ hdfk lqwhuphgldwh jrrgv surgxfhu l fkrrvhv idfwru ghpdqgv diwhu

wkh uhdol}dwlrq ri xqfhuwdlqw| v| lq shulrg w> vr wkh ghpdqgv iru fdslwdo dqg oderu duh n+l> v|, dqg

o+l> v|,= Idfwru pdunhw0fohdulqj wkxv uhtxluhv wkdw

n+v|3�, @
]

n+l> v|, gl>+4:,

o+v|, @
]

o+l> v|, gl=+4;,

Erqg pdunhw0fohdulqj uhtxluhv wkdw E+v|n�, @ 3= Wkh uhvrxufh frqvwudlqw iru wklv hfrqrp| lv

f+v|, . n+v|, @ |+v|, . +4� �,n+v|3�,=+4<,

Dq htxloleulxp iru wklv hfrqrp| lv/ wkhq/ d froohfwlrq ri doorfdwlrqv iru frqvxphuv f+v|,/ o+v|,/

n+v|3�,/ P+v|,/ E+v|n�,> doorfdwlrqv iru lqwhuphgldwh jrrgv surgxfhuv n+l> v|,/ o+l> v|, iru l 5 ^3> 4`>

doorfdwlrqv iru �qdo jrrgv surgxfhuv |+v|, dqg |+l> v|, iru l 5 ^3> 4`> wrjhwkhu zlwk sulfhv z+v|,>

u+v|,> T+v� mv|, iru � @ w> = = = > w.Q � 4/ �S +v|,> dqg S +l> v|3�, iru l 5 ^3> 4` wkdw vdwlvi| wkh iroorzlqj

frqglwlrqv= +l, wdnlqj sulfhv dv jlyhq/ frqvxphu doorfdwlrqv vroyh wkh frqvxphu*v sureohp> +ll,

wdnlqj doo sulfhv exw klv rzq dv jlyhq/ hdfk lqwhuphgldwh jrrgv surgxfhu*v sulfh vroyhv +9,> +lll,

wdnlqj wkh sulfhv dv jlyhq/ wkh �qdo jrrgv surgxfhu*v doorfdwlrqv vroyh wkh �qdo jrrgv surgxfhu*v

sureohp> +ly, wkh idfwru pdunhw frqglwlrqv +4:, dqg +4;, dqg wkh uhvrxufh frqvwudlqw +4<, krog/ dqg

wkh erqg pdunhw fohduv1

61 �N6V�|B|�NA Nu .`��,�Oi��6

Qrz zh eulh�| ghvfuleh krz zh frpsxwh dq htxloleulxp lq wkh ehqfkpdun hfrqrp|1 Zh

ehjlq e| vxevwlwxwlqj rxw d qxpehu ri yduldeohv dqg uhgxflqj wkh htxloleulxp wr irxu htxdwlrqv=

wkh uhvrxufh frqvwudlqw/ d sulflqj htxdwlrq/ dq Hxohu htxdwlrq iru prqh|/ dqg dq Hxohu htxdwlrq iru

fdslwdo1 Rqfh zh kdyh wkhvh irxu htxdwlrqv/ zh frpsxwh Pdunry htxloleuld lq zklfk doorfdwlrqv duh

ixqfwlrqv ri wkh vwdwh ri wkh hfrqrp|1 Wkh vwdwh yduldeohv duh odjjhg sulfhv/ wkh fdslwdo vwrfn/ dqg

<



prqh| vkrfnv1 Wkh ghflvlrq yduldeohv duh fxuuhqw sulfhv/ frqvxpswlrq/ oderu/ dqg lqyhvwphqw1 Lq

zkdw iroorzv/ zh zloo eh irfxvlqj rq wkh v|pphwulf htxloleulxp lq zklfk doo wkh lqwhuphgldwh jrrgv

surgxfhuv ri wkh vdph frkruw pdnh lghqwlfdo ghflvlrqv1 Wkxv/ S +l> v|, @ S +m> v|,> n+l> v|, @ n+m> v|,/

o+l> v|, @ o+m> v|,> |+l> v|, @ |+m> v|, iru doo l> m 5 ^3> 4@Q `> dqg vr rq/ iru wkh Q frkruwv1

Zh ehjlq zlwk wkh uhvrxufh frqvwudlqw1 Htxdwlqj vxssolhv ri dqg ghpdqgv iru hdfk lqwhuph0

gldwh jrrg xvlqj htxdwlrqv +5, dqg +7, dqg lqwhjudwlqj jlyhv

�S +v|,
�

�3w

�]
S +l> v|3�,

�

w3� gl

�
|+v|, @ I En+v|3�,@o+v|,> 4�

�]
o+l> v|, gl

�
>

zkhuh zh kdyh h{sorlwhg wkh idfwv wkdw I lv d frqvwdqw uhwxuqv wr vfdoh surgxfwlrq ixqfwlrq dqg

wkdw fdslwdo0oderu udwlrv duh htxdwhg dfurvv surgxfhuv/ dv lq +43,1 Vlpsoli|lqj xvlqj +4;, jlyhv

|+v|, @ I En+v|3�,> o+v|,�

3
C �S +v|,

�

w3�U
S +l> v|3�,

�

w3� gl

4
D =+53,

Vxevwlwxwlqj +53, lqwr +4<, jlyhv wkh uhvrxufh frqvwudlqw zh xvh lq rxu frpsxwdwlrqv1

Zh fdq qrz ghyhors wkh sulflqj htxdwlrq1 Zh �uvw h{suhvv xqlw frvw lq whupv ri wkh djjuhjdwh

doorfdwlrqv1 Wr gr vr/ zh vroyh wkh plqlpl}dwlrq sureohp lq +:, dqg xvh +43, dqg +46, wr jhw

y+v|, @ � 4

4� �

X,

�
v|
�

XS+v|,

#
o+v|,

n+v|3�,

$k

=+54,

Vlqfh doo sulfhv duh htxdo/ zlwklq hdfk frkruw ri surgxfhuv/ zh qhhg rqo| uhfrug rqh sulfh shu frkruw

dqg qrw wkh lqgh{ lghqwli|lqj wkh surgxfhuv1 Wkxv/ iurp qrz rq/ zh gurs wkh ghshqghqfh rq l> dqg

zh ohw S +v|3�, ghqrwh wkh sulfhv vhw dw wkh ehjlqqlqj ri shulrg w/ S +v|32, ghqrwh wkh sulfhv vhw dw

wkh ehjlqqlqj ri shulrg w� 4/ dqg vr rq1 Xvlqj +8,/ zh fdq zulwh wkh djjuhjdwh sulfh ohyho dv

�S +v|, @

�
4

Q
S +v|3�,

w
w3� . � � �. 4

Q
S +v|3� ,

w
w3�

� w3�
w

=+55,

Xvlqj +49,/ +53,/ +54,/ dqg +55, lq +;,/ zh rewdlq wkh sulflqj htxdwlrq zh xvh lq rxu frpsxwdwlrqv1

Ilqdoo|/ zh uhzulwh wkh Hxohu htxdwlrqv iru prqh| dqg fdslwdo/ +47, dqg +48,/ xvlqj +55, wr

vxevwlwxwh iru �S +v|, dqg xvlqj +43,/ +44,/ dqg +46, wr vxevwlwxwh iru u+v|,1
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Zh duh lqwhuhvwhg lq d vwdwlrqdu| htxloleulxp dqg wkxv uhvwulfw wkh vwrfkdvwlf surfhvvhv iru wkh

jurzwk ri wkh prqh| vxsso| wr eh Pdunry1 D vwdwlrqdu| htxloleulxp iru wklv hfrqrp| frqvlvwv ri

vwdwlrqdu| ghflvlrq uxohv wkdw duh ixqfwlrqv ri wkh vwdwh ri wkh hfrqrp|1 Ehfdxvh surgxfhuv fkrrvh

wkhlu sulfhv ehiruh wkh fxuuhqw prqh| vkrfn lv uhdol}hg/ zkloh rwkhu doorfdwlrqv duh fkrvhq diwhu wkh

prqh| vkrfn lv uhdol}hg/ lq hdfk shulrg zh pxvw uhfrug wzr vwdwhv iru wkh hfrqrp|1 Wkh vwdwh iru

surgxfhuv lq shulrg w pxvw uhfrug wkh Q � 4 lqwhuphgldwh jrrgv sulfhv lq dgglwlrq wr wkh fdslwdo

vwrfn dqg odjjhg prqh| jurzwk udwhv1 Wkh vwdwh iru rwkhu doorfdwlrqv lq shulrg w/ vxfk dv frqvxphu

doorfdwlrqv dqg lqsxw doorfdwlrqv iru surgxfhuv/ pxvw uhfrug wkh vwdwh iru surgxfhuv soxv wkh fxuuhqw

prqh| jurzwk udwhv1 Lq dq| shulrg w> Q �4 sulfhv suhydlo iru lqwhuphgldwh jrrgv/ qdpho|/ wkrvh vhw

dw wkh ehjlqqlqj ri shulrg w�4> S +v|32,> wkrvh vhw dw wkh ehjlqqlqj ri shulrg w�5> S +v|3�,> dqg vr

rq/ wkurxjk wkrvh vhw lq shulrg w� +Q �4,> S +v|3� ,1 Zh qrupdol}h sulfhv e| glylglqj wkhp e| wkh

prqh| vwrfn1 Wkxv/ wkh vwdwh iru surgxfhuv lv ^S +v|32,@P+v|3�,> = = =/ S +v|3� ,@P+v|3�,/ n+v|3�,/

�+v|3�,`1 Wkh vwdwh iru rwkhu doorfdwlrqv dovr lqfoxghv �+v|,= Wkh ghflvlrq yduldeohv iru shulrg w duh

djjuhjdwh frqvxpswlrq lq w> f+v|,> djjuhjdwh oderu vxsso| lq w> o+v|,> dqg wkh qrupdol}hg sulfh ri

wkh frkruw ri lqwhuphgldwh jrrgv surgxfhuv wkdw duh vhwwlqj wkhlu sulfhv dw wkh ehjlqqlqj ri shulrg

w> S +v|3�,@P+v|3�,1

Lq vrph ri wkh prghov zh frqvlghu/ lqyhvwphqw lv h{wuhpho| yrodwloh1 Wr uhgxfh wkdw yrodwlolw|/

zh lqwurgxfh dgmxvwphqw frvwv lq fkdqjlqj wkh fdslwdo vwrfn hpsor|hg e| hdfk lqwhuphgldwh jrrgv

surgxfhu1 Vshfl�fdoo|/ wkh odz ri prwlrq iru fdslwdo xvhg lq surgxflqj jrrg l lv jlyhq e|

n+l> v|, @ +4� �,n+l> v|3�,� !

#
{+l> v|,

n+l> v|3�,

$
n+l> v|3�, . {+l> v|,>+56,

zkhuh ! lv wkh dgmxvwphqw frvw ixqfwlrq dqg { lv lqyhvwphqw1 Wkh sureohp ri prqrsrolvw l zkr

fkrrvhv sulfhv dw gdwh w/ w.Q / w.5Q dqg vr rq lv wr fkrrvh S +l> v� ,> o+l> v� ,/ {+l> v� ,> dqg n+l> v� ,

iru � � w wr pd{lpl}h

"[
�'|

[
r�

T+v� mv|3�,
k
S +l> v� ,|_+l> v� ,�z+v� , �S +v� ,o+l> v� ,� �S +v� ,{+l> v� ,

l

44



vxemhfw wr +7,/ +56,/ |+l> v|, @ I +n+l> v|3�,> o+l> v|,,/ dqg wkh frqvwudlqwv S +l> v� , @ S +l> v|3�, iru

� @ w> = = = > w . Q � 4/ S +l> v� , @ S +l> v|n�3�, iru � @ w .Q> = = = > w . 5Q � 4/ dqg vr rq1 Fohduo|/

lq frpsxwlqj dq htxloleulxp iru wklv hfrqrp|/ zh pxvw uhfrug wkh fdslwdo vwrfn hpsor|hg e| wkh

uhsuhvhqwdwlyh surgxfhu lq hdfk frkruw/ dqg zh h{sdqg wkh vwdwh dqg ghflvlrq yduldeohv dffruglqjo|1

Zh dovr prgli| wkh uhvrxufh frqvwudlqw dssursuldwho|1 Zh wkhq olqhdul}h wkh uhvxowlqj htxdwlrqv

durxqg wkh vwhdg| vwdwh dqg xvh vwdqgdug phwkrgv wr rewdlq olqhdu ghflvlrq uxohv1 Zkhq Q @4

dqg 5/ zh fkhfn wkh dffxudf| ri wkh olqhdu ghflvlrq uxohv djdlqvw qrqolqhdu ghflvlrq uxohv rewdlqhg

e| wkh �qlwh hohphqw phwkrg1 +Vhh wkh zrun ri PfJudwwdq +4<<9,1,

71 �B,�OiB|�NA Nu |�j �jAW�6Bi" .WNAN6+

Qrz zh ghvfuleh krz zh fkrvh wkh sdudphwhu ydoxhv iru wkh ehqfkpdun hfrqrp| zklfk duh

vxppdul}hg lq sdqho D ri Wdeoh L1 Odwhu/ zh zloo frqgxfw d zlgh udqjh ri vhqvlwlylw| dqdo|vhv/ vr zh

ylhz wklv fdoleudwlrq dv rqo| vhwwlqj wkh plgsrlqw ri wkh udqjhv iru hdfk ri wkh sdudphwhuv1 Wkhvh

udqjhv duh vhw zlgh hqrxjk wr hqfrpsdvv prvw hvwlpdwhv ri wkh ydulrxv sdudphwhuv lq wkh olwhudwxuh1

Frqvlghu d xwlolw| ixqfwlrq ri wkh irup

X+f> o>P@ �S , @

%�
$ f

#3�
# . +4� $, +P@ �S ,

#3�
#

� #

#3�

+4� o,�
&�3j

@+4� �,>+57,

zkhuh $ lv wkh vkduh sdudphwhu/ � lv lqwhuhvw hodvwlflw|/ # lv wkh zhljkw rq ohlvxuh/ dqg � lv ulvn

dyhuvlrq1 Xwlolw| ixqfwlrqv ri wklv irup duh dwwudfwlyh ehfdxvh wkh| duh frqvlvwhqw zlwk edodqfhg

jurzwk1 +Vhh wkh zrun ri Frroh| dqg Suhvfrww +4<<8,1, Exw wkhvh ixqfwlrqv kdyh wkh xqdwwudfwlyh

ihdwxuh wkdw wkh vkduh ri wlph ghyrwhg wr wkh pdunhw lv olqnhg wr wkh oderu vxsso| hodvwlflw|/ zklfk

lv jlyhq e| +4� o,@o1 Lq Vhfwlrq 8/ zh frqvlghu suhihuhqfhv wkdw gr qrw kdyh wklv ihdwxuh1

Zh fkrvh sdudphwhu ydoxhv iru wkh xwlolw| ixqfwlrq +57, dv iroorzv1 Iru $ dqg �> zh guhz

rq wkh prqh| ghpdqg olwhudwxuh1 Rxu prgho fdq eh xvhg wr sulfh d ydulhw| ri dvvhwv/ lqfoxglqj d

qrplqdo erqg wkdw frvwv rqh groodu dw v| dqg sd|v d jurvv lqwhuhvw udwh ri U+v|, grooduv lq doo vwdwhv

v|n�= Wkh �uvw0rughu frqglwlrq iru wklv dvvhw fdq eh zulwwhq dv X6+v|, @ XS+v|,+U+v|, � 4,@U+v|,1

45



Xvlqj rxu vshfl�fdwlrq ri xwlolw|/ zh fdq uhzulwh wkh �uvw0rughu frqglwlrq dv

orj
P+v|,
�S +v|,

@ �� orj
$

4� $
. orj f+v|,� � orj

#
U+v|,� 4

U+v|,

$
=+58,

Zh uhjuhvvhg wkh orj ri frqvxpswlrq yhorflw| rq wkh lqwhuhvw udwh yduldeoh lq +58, xvlqj vhyhudo

gdwd vhulhv iurp Flwledvh iru 4<93=4~4<<8=7= P4> wkh JGS gh�dwru> wkh frqvxpswlrq ri vhuylfhv/

qrqgxudeohv/ dqg gxudeohv> dqg wkh wkuhh0prqwk X1V1 Wuhdvxu| eloo udwh1 Wkh lpsolhg ydoxh ri $

iurp rxu uhjuhvvlrq lv 3=<7= Rxu hvwlpdwh ri wkh lqwhuhvw hodvwlflw| lv � @ 316</ zlwk d vwdqgdug huuru

ri 313661 Wklv hodvwlflw| lv vlplodu wr wkdw hvwlpdwhg e| Pdqnlz dqg Vxpphuv +4<;9, dqg Oxfdv

+4<;;, dqg vpdoohu wkdq wkdw ri Vwrfn dqg Zdwvrq +4<<6,1

Edvhg rq wkh zrun ri Edvx dqg Ihuqdog +4<<7/ 4<<8,/ Edvx dqg Nlpedoo +4<<:,/ dqg Edvx

+4<<9,/ zh fkrvh � @ 3=<> zklfk lpsolhv d pdunxs ri 44 shufhqw dqg dq hodvwlflw| ri ghpdqg ri 431

Zh vhw wkh sdudphwhuv �/ �/ #/ dqg � xvlqj edodqfhg jurzwk sdwk uhodwlrqvklsv lq rxu prgho

dqg ydulrxv vwdwlvwlfv lq wkh gdwd1 +Djdlq/ wkh sdudphwhu ydoxhv duh jlyhq lq Wdeoh L1, Zlwk wkhvh

sdudphwhuv/ rxu prgho suhglfwv dq dqqxdol}hg fdslwdo0rxwsxw udwlr ri 5=98/ dq lqyhvwphqw0rxwsxw

udwlr ri 3=56/ dqg d vkduh ri wlph doorfdwhg wr wkh pdunhw ri 4@61 Wkh fdslwdo0rxwsxw udwlr dqg

wkh lqyhvwphqw0rxwsxw udwlr duh wkh vdph dv wkrvh fdofxodwhg e| Fkulvwldqr +4<;;,/ dqg wkh wlph

doorfdwhg wr wkh pdunhw lv vlplodu wr wkdw ri Frroh| dqg Suhvfrww +4<<8,1 Lq xvlqj wkh qdwlrqdo

lqfrph dffrxqwv wr ghwhuplqh wkh fdslwdo vkduh lq rxu prgho/ zh dvvxphg wkdw prqrsro| sur�wv

duh doorfdwhg sursruwlrqdwho| wr fdslwdo dqg oderu1 Zlwk wklv dvvxpswlrq/ wkh fdslwdo vkduh ri

lqfrph lq rxu prgho lv 4@6> zklfk lv vlplodu wr wkdw hvwlpdwhg e| Fkulvwldqr +4<;;,1

Zh fkrvh dq dgmxvwphqw frvw ixqfwlrq ri wkh irup !+{@n, @ e^+{@n, � �`2@5> zkhuh e � 3=

Zh vhw wkh dgmxvwphqw frvw sdudphwhu e vr wkdw wkh Krgulfn0Suhvfrww~�owhuhg gdwd iurp wkh prgho

surgxfh d vwdqgdug ghyldwlrq ri lqyhvwphqw uhodwlyh wr wkdw ri rxwsxw vlplodu wr wkh fruuhvsrqglqj

vwdwlvwlf iru wkh X1V1 hfrqrp| +6158,1 Zh vhw e @ 3 zkhq wkh uhodwlyh yrodwlolw| ri lqyhvwphqw lq wkh

hfrqrp| zlwk qr dgmxvwphqw frvwv lv wrr vpdoo1

Wkh vwrfkdvwlf surfhvv iru wkh jurzwk udwh ri wkh prqh| vwrfn lv jlyhq e| orj�| @ � orj�|3�.
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�|> zkhuh � lv dq lqghshqghqw dqg lghqwlfdoo| qrupdoo| glvwulexwhg phdq0}hur vkrfn1 Wkh vhuldo

fruuhodwlrq sdudphwhu iru prqh| jurzwk udwhv/ �> zdv fdofxodwhg xvlqj Flwledvh*v txduwhuo| gdwd rq

P4 iurp 4<8<=6 wkurxjk 4<<8=51 Zh rewdlqhg � @ 3=8:1

Lq rxu h{shulphqwv/ zh zloo ydu| wkh dprxqw ri vwdjjhulqj/ Q> dv zhoo dv wkh ohqjwk ri wlph ri

h{rjhqrxv sulfh vwlfnlqhvv/ zklfk zh ghqrwh e| W 1 Zkhq zh ydu| wkhvh/ zh dovr dgmxvw wkh glvfrxqw

idfwru �/ wkh ghsuhfldwlrq udwh �/ dqg wkh vhuldo fruuhodwlrq sdudphwhu � vr dv wr nhhs wkh fdslwdo0

rxwsxw dqg lqyhvwphqw0rxwsxw udwlrv dqg wkh txduwhuo| vhuldo fruuhodwlrq xqfkdqjhg1 Vshfl�fdoo|/

zh vhw � @ 3=<:
A
� / � @ 4� 3=<5

A
� / dqg � @ 3=8:

eA
� > zkhuh W lv phdvxuhg lq |hduv1 Iru prvw ri wkh

h{shulphqwv/ zh vhw W htxdo wr rqh0txduwhu ri rqh |hdu dqg Q @ 46> vr wkdw sulfhv duh �{hg iru

rqh txduwhu dw d wlph/ d frkruw ri surgxfhuv fkrrvhv sulfhv hyhu| zhhn/ dqg frqvxphuv pdnh wkhlu

ghflvlrqv zhhno|1

Rxu qrwlrq ri d frqwudfw pxowlsolhu lv ghvljqhg wr phdvxuh krz pxfk vwdjjhuhg sulfh0vhwwlqj

lqfuhdvhv wkh shuvlvwhqfh ri rxwsxw uhodwlyh wr v|qfkurql}hg sulfh0vhwwlqj1 Zh phdvxuh wkh shuvlv0

whqfh ri rxwsxw e| lwv kdoi0olih/ gh�qhg dv wkh ohqjwk ri wlph diwhu d vkrfn ehiruh wkh ghyldwlrq lq

rxwsxw vkulqnv wr kdoi ri lwv lpsdfw ydoxh1 Zlwk v|qfkurql}hg sulfh0vhwwlqj/ rq dyhudjh wkh kdoi0olih

ri rxwsxw lv rqh0kdoi wkh ohqjwk ri h{rjhqrxv vwlfnlqhvv1 Wkh uhdvrq lv wkdw prqhwdu| vkrfnv rffxu

udqgrpo| ehwzhhq sulfh dgmxvwphqwv/ dqg wkh dvvrfldwhg pryhphqwv lq rxwsxw odvw rqo| xqwlo wkh

qh{w sulfh dgmxvwphqw1 Wkxv/ zh gh�qh wkh frqwudfw pxowlsolhu lq d prgho zlwk vwdjjhuhg sulfh0

vhwwlqj dv wkh udwlr ri wkh kdoi0olih ri rxwsxw wr rqh0kdoi wkh ohqjwk ri h{rjhqrxv vwlfnlqhvv1 Khqfh/

d pxowlsolhu ri/ vd|/ 8 phdqv wkdw vwdjjhuhg sulfh0vhwwlqj jhqhudwhv rxwsxw pryhphqwv wkdw odvw 8

wlphv orqjhu wkdq wkh| zrxog zlwk v|qfkurql}hg sulfh0vhwwlqj1 Dq dwwudfwlyh ihdwxuh ri wkh frqwudfw

pxowlsolhu lv wkdw lq rxu txdqwlwdwlyh prghov/ wklv pxowlsolhu lv dssur{lpdwho| lqyduldqw wr wkh ohqjwk

ri h{rjhqrxv sulfh vwlfnlqhvv1

Zh phdvxuhg wkh kdoi0olih ri rxwsxw lq wkh gdwd e| �wwlqj dq DUPD surfhvv wr wkh orjdulwkp
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ri uhdo JGS/ diwhu uhprylqj d txdgudwlf wuhqg1 Wkh �wwhg htxdwlrq lv

orj || @ 4=63 orj ||3� � 3=6; orj ||32 . �|c
+3=399, +31399,

zkhuh wkh qxpehuv lq sduhqwkhvhv duh vwdqgdug huuruv1 Wkh Omxqj0Er{ T whvw lqglfdwhv olwwoh

hylghqfh iru vhuldo fruuhodwlrq ri wkh uhvlgxdov +T @ 461; zlwk vljql�fdqfh ohyho 3179,1 Iurp wklv

htxdwlrq/ zh fdofxodwhg wkh kdoi0olih ri rxwsxw wr eh 43 txduwhuv/ ru 5�2 |hduv1 Wklv phdvxuh lv

dgplwwhgo| lpshuihfw/ exw surylghv d xvhixo ehqfkpdun1

Iru wkh exon ri rxu dqdo|vlv/ zh frqvlghu hfrqrplhv zlwk d shulrg ri h{rjhqrxv sulfh vwlfnlqhvv

ri 4 txduwhu1 Wkh frqwudfw pxowlsolhu qhhghg wr pdwfk wklv phdvxuh ri shuvlvwhqfh lv 531 Zlwk rqh

prqwk ri h{rjhqrxv sulfh vwlfnlqhvv/ wkh qhhghg frqwudfw pxowlsolhu lv 93> zlwk rqh |hdu/ 81

81 -jt�,|t uNi |�j �jAW�6Bi" .WNAN6+

Wkh pdlq txhvwlrq zh dgguhvv khuh lv zkhwkhu vwdjjhuhg sulfh0vhwwlqj fdq ohdg wr shuvlvwhqw

pryhphqwv lq rxwsxw1 Zh ehjlq e| frqvlghulqj d vwulsshg0grzq yhuvlrq ri wkh ehqfkpdun prgho

wkdw zh fdq vroyh dqdo|wlfdoo| iru wkh htxloleulxp1 Lq wklv yhuvlrq/ zh devwudfw iurp fdslwdo dqg

lpsrvh d vwdwlf prqh| ghpdqg htxdwlrq1 Zh vkrz wkdw lq rughu wr jhw shuvlvwhqfh/ wkh htxloleulxp

zdjh udwh pxvw fkdqjh olwwoh zkhq frqvxpswlrq fkdqjhv1 Zh vkrz wkdw iru wkh fodvv ri suhihuhqfhv

lq rxu ehqfkpdun prgho/ wkh htxloleulxp zdjh fkdqjhv vr pxfk wkdw zh fdqqrw jhw shuvlvwhqfh1

Frqvlghu d yhuvlrq ri wkh ehqfkpdun prgho zlwkrxw fdslwdo +� @ 3, dqg zlwk wzr frkruwv ri

prqrsrolvwv vwdjjhulqj wkhlu sulfh0vhwwlqj +Q @ 5,1 Vxssrvh wkdw wkh xwlolw| ixqfwlrq lv jlyhq e|

htxdwlrq +57,> dv lq wkh ehqfkpdun hfrqrp|1 Zh orj0olqhdul}h wkh htxloleulxp frqglwlrqv durxqg d

ghwhuplqlvwlf vwhdg| vwdwh zlwk d frqvwdqw prqh| vxsso|1 Ohw a{�|/ a{|/ as|/ az|/ af|/ a||/ dqg ap| uhsuhvhqw

wkh orjdulwkplf ghyldwlrqv iurp d vwhdg| vwdwh iru S +l> v|3�,> S +v|3�,/ �S +v|,/ z+v|,> f+v|,/ |+v|,/ dqg

P+v|,> uhvshfwlyho|1

Qrz/ vlpso| lpsrvh d vwdwlf prqh| ghpdqg htxdwlrq lq zklfk frqvxpswlrq htxdov uhdo
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edodqfhv/ vr P+v|,@ �S +v|, @ f+v|, @ |+v|, dqg khqfh

ap| � as| @ a||=+59,

Qh{w/ frqvlghu wkh sulflqj htxdwlrq +;,1 Vxevwlwxwlqj iru T iurp htxdwlrq +49,/ vhwwlqj � @ 4/ dqg

olqhdul}lqj wkh uhvxowlqj htxdwlrq durxqg wkh ghwhuplqlvwlf vwhdg| vwdwh jlyhv

a{�| @
4

5
H|3�as| .

4

5
H|3�as|n� .

4

5
H|3�+ az| . az|n�,>+5:,

zkhuh H|3� ghqrwhv wkh h{shfwdwlrq dv ri shulrg w � 4= Wkh sulfh ohyho as| lv d zhljkwhg dyhudjh ri

wkh lqglylgxdo sulfhv=

as| @
a{|
5

.
a{|3�
5

=+5;,

Vxevwlwxwlqj +5;, lqwr +5:, dqg lpsrvlqj htxloleulxp jlyhv

a{| @
4

5
a{|3� .

4

5
H|3�a{|n� .H|3�+ az| . az|n�,=+5<,

Qh{w/ qrwh wkdw zlwk � @ 3 dqg Q @ 5> xvlqj +55,/ +53, fdq eh zulwwhq dv

|+v|, @ o+v|,

�
4

5
S +v|3�,

w
w3� .

4

5
S +v|32,

w
w3�

� �

w
�
4

5
S +v|3�,

�

w3� .
4

5
S +v|32,

�

w3�

�
3�

=

Orj0olqhdul}lqj wklv htxdwlrq durxqg d ghwhuplqlvwlf vwhdg| vwdwh jlyhv

a|| @ ao|=+63,

Orj0olqhdul}lqj wkh oderu vxsso| htxdwlrq +46, durxqg wkh ghwhuplqlvwlf vwhdg| vwdwh jlyhv

az| @
C orj

�
�L,

LS
mrr

�
C orj f

af| .
C orj

�
�L,

LS
mrr

�
C orjP@ �S

+ ap| � as|, .
C orj

�
�L,

LS
mrr

�
C orj o

ao|>+64,

zkhuh wkh vxevfulsw vv ghqrwhv wkdw wkh ghulydwlyhv duh hydoxdwhg dw wkh vwhdg| vwdwh doorfdwlrqv1

Zlwk rxu ixqfwlrqdo irupv +64, ehfrphv

az| @

�
$

�
� � 4

�

�
.

4

�

�
af| .

�
+4� $,

�
� � 4

�

��
+ ap| � as|, .

�$

#
ao|>+65,
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zkhuh zh kdyh xvhg wkh idfwv wkdw wkh vwhdg| vwdwh doorfdwlrqv vdwlvi| frr @ orr @ +P@ �S ,rr dqg

�X,

XS

�����
rr

@
#

$

frr
+4� frr,

@ zrr @ �=

Vxevwlwxwlqj +59,/ +63,/ dqg af| @ a|| lq +65, jlyhv wkh iroorzlqj orj0olqhdul}hg oderu vxsso| htxdwlrq

az| @ �a||>+66,

zkhuh

� @ 4 .
�$

#
=+67,

Khuh � lv wkh hodvwlflw| ri wkh htxloleulxp uhdo zdjh udwh zlwk uhvshfw wr frqvxpswlrq1 Vxevwlwxwlqj

+66, lqwr +5<, jlyhv

a{| @
4

5
a{|3� .

4

5
H|3�a{|n� . �H|3�+a|| . a||n�,=+68,

Wkh v|vwhp ri htxdwlrqv +59,/ +5;,/ dqg +68, lv wkh vdph dv wkdw lq Wd|oru +4<;3,1 Wkh rqo|

gl�huhqfh ehwzhhq rxu sulfh0vhwwlqj htxdwlrq dqg Wd|oru*v lv wkdw rxu ydoxh ri � ghshqgv rq wkh

xqghuo|lqj suhihuhqfhv dqg whfkqrorj| zkloh Wd|oru*v � lv d vwuxfwxudo sdudphwhu1

Wkh v|vwhp ri htxdwlrqv +59,/ +5;,/ dqg +68, fdq eh vroyhg wr ghwhuplqh krz prqh| vkrfnv

duh glylghg lqwr pryhphqwv lq sulfhv dqg pryhphqwv lq rxwsxw1 Htxdwlrq +59, lpsolhv wkdw odujh

pryhphqwv lq rxwsxw uhtxluh vpdoo pryhphqwv lq wkh sulfh ohyho1 Exw htxdwlrq +68, lpsolhv wkdw

odujh pryhphqwv lq rxwsxw kdyh vpdoo h�hfwv rq wkh sulfh ohyho rqo| li � lv vpdoo1

Wr vhh krz � lq�xhqfhv wkh glylvlrq ri prqh| vkrfnv lqwr sulfh dqg rxwsxw pryhphqwv/ zh

vroyh wkh prgho iru a{|/ as|> dqg a||= Vxevwlwxwlqj iru a|| lq +68, xvlqj +59, dqg +5;,/ zh rewdlq

H|3�a{|n� � 5
4 . �

4� �
a{| . a{|3� @ � 5�

4� �
H|3� + ap| . ap|n�, =

Zh fdq xvh vwdqgdug phwkrgv wr zulwh a{| dv

a{| @ da{|3� .
5d�

4� �
H|3�

"[
�'f

d�+ ap|n� . ap|n�n�,>+69,
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zkhuh d lv wkh urrw zlwk devroxwh ydoxh ohvv wkdq 4 zklfk vroyhv d2 � �d . 4 @ 3> zkhuh � @

5+4 . �,@+4� �,= Wklv urrw lv htxdo wr

d @
4�s

�

4 .
s
�
=+6:,

Qrz vxssrvh wkdw ap| lv d udqgrp zdon1 Diwhu vlpsoli|lqj +69,/ zh fdq zulwh

a{| @ da{|3� . +4� d, ap|3�=+6;,

Xvlqj +5;, wr vxevwlwxwh iru a{| lq +6;,/ zh rewdlq

as| @ das|3� . +4� d,+ ap|3� . ap|32,@5=+6<,

Ilqdoo|/ xvlqj +59, wr vxevwlwxwh iru as| lq +6<,/ zh rewdlq

a|| @ da||3� . + ap| � ap|3�, . +4� d,+ ap|3� � ap|32,@5=+73,

Dv vkrxog eh fohdu iurp +73,/ wkh shuvlvwhqfh surshuwlhv ri rxwsxw zlwk uhvshfw wr prqh| vkrfnv

ghshqg fulwlfdoo| rq wkh ydoxh ri d dqg/ wkhuhiruh/ rq wkh ydoxh ri �1 Uhfdoo iurp +67, wkdw � A 41

Khqfh lw iroorzv iurp +6:, wkdw d ? 3/ vr rxwsxw lv qrw shuvlvwhqw1

Zkhq � lv wuhdwhg dv d iuhh sdudphwhu/ Wd|oru*v prgho ghvfulehg e| +59,/ +5;,/ dqg +68, fdq

surgxfh wkh qhhghg frqwudfw pxowlsolhu1 Zkhq Q @ 5/ rqh0kdoi ri wkh ohqjwk ri h{rjhqrxv sulfh

vwlfnlqhvv lv 41 Wkxv/ lq rughu wr jhw d pxowlsolhu ri 53/ zh qhhg d kdoi0olih ri 531 Li d A 3/ lw lv hdv|

wr vkrz wkdw wkh kdoi0olih ri rxwsxw lv jlyhq e| w @ 4� orj+4 . d,@ orj d1 Iru d pxowlsolhu ri 53/ zh

qhhg d @ 3=<98 dqg khqfh � @ 3=333641 Lq rxu prgho/ � lv qrw d iuhh sdudphwhu dqg lv qhfhvvdulo|

juhdwhu wkdq 41

Lq Wdeoh LL zh uhsruw ydoxhv ri wkh frqwudfw pxowlsolhu iru d ydulhw| ri hfrqrplhv wkdw xvh

rxu fdoleudwhg sdudphwhuv/ h{fhsw zkhuh qrwhg1� Zh lqyhvwljdwh krz wkh lqwhuwhpsrudo olqnv ri

lqwhuhvw vhqvlwlyh prqh| ghpdqg dqg fdslwdo dffxpxodwlrq d�hfw wkh frqwudfw pxowlsolhu vhsdudwho|

dqg mrlqwo|1 Wkh �uvw froxpq ri wkh wdeoh uhihuv wr hfrqrplhv zlwkrxw fdslwdo dqg zlwk lqwhuhvw0

lqvhqvlwlyh prqh| ghpdqg/ zkloh wkh qh{w wkuhh froxpqv uhihu wr hfrqrplhv zlwk rqo| lqwhuhvw0

vhqvlwlyh prqh| ghpdqg/ zlwk rqo| fdslwdo/ dqg zlwk erwk lqwhuhvw0vhqvlwlyh prqh| ghpdqg dqg

4;



fdslwdo/ uhvshfwlyho|1 Zh uhsruw pxowlsolhuv iru hfrqrplhv zlwk 5 frkruwv dqg l1l1g1 prqh| jurzwk

vlqfh wkhvh duh frpsdudeoh wr uhvxowv iru wkh vwulsshg0grzq yhuvlrq ri rxu prgho1 Zh dovr uhsruw

pxowlsolhuv iru hfrqrplhv zlwk 46 frkruwv dqg vhuldoo| fruuhodwhg prqh| jurzwk dqg wklqn ri wkhvh

pxowlsolhuv dv pruh uhohydqw iru frpsdulqj zlwk gdwd1

Lq Wdeoh LL zh vhh wkdw iru doo yhuvlrqv ri rxu ehqfkpdun prgho/ wkh frqwudfw pxowlsolhu lv

urxjko| 41 Zlwk wklv frqwudfw pxowlsolhu/ lq rughu wr jhqhudwh wkh kdoi0olih ri rxwsxw vhhq lq wkh

gdwd/ wkh h{rjhqrxv ohqjwk ri sulfh vwlfnlqhvv zrxog kdyh wr eh 8 |hduv1

Wd|oru +4<;3, dqg Eodqfkdug +4<<4, frqmhfwxuh wkdw/ li wkh ohqjwk ri wlph wkdw sulfhv duh

�{hg lv khog frqvwdqw/ wkhq lqfuhdvlqj wkh dprxqw ri vwdjjhulqj lqfuhdvhv wkh shuvlvwhqfh ri rxwsxw

�xfwxdwlrqv1 Zh lqyhvwljdwh wklv frqmhfwxuh e| frqvlghulqj yhuvlrqv ri rxu ehqfkpdun hfrqrp|

zlwk Q @ 5> 46> dqg 591 Wkh uhvxowlqj pxowlsolhuv duh 4=39> 3=<</ dqg 3=;:1 Wkhvh uhvxowv vkrz wkdw

lqfuhdvlqj wkh dprxqw ri vwdjjhulqj grhv qrw lqfuhdvh wkh shuvlvwhqfh ri rxwsxw uhvsrqvhv1

Zh dovr h{dplqh zkhwkhu wkh frqwudfw pxowlsolhu ydulhv zlwk wkh ohqjwk ri h{rjhqrxv sulfh

vwlfnlqhvv/ dqg zh �qg wkdw lw grhv qrw1 Iru h{dpsoh/ iru rxu ehqfkpdun hfrqrp|/ fkdqjlqj wkh

ohqjwk ri sulfh vwlfnlqhvv iurp rqh txduwhu wr rqh |hdu grhv qrw fkdqjh wkh frqwudfw pxowlsolhu1

91 -NO�t|Ajtt

Lq rxu ehqfkpdun hfrqrp|/ wkh frqwudfw pxowlsolhu lv h{wuhpho| vpdoo ehfdxvh sulfhv duh

h{wuhpho| vhqvlwlyh wr pryhphqwv lq pdujlqdo frvwv1 Wkhvh uhvxowv vxjjhvw wkdw wr jhqhudwh d odujh

frqwudfw pxowlsolhu/ zh pxvw �qg vrph phfkdqlvp wkdw pdnhv sulfhv lqvhqvlwlyh wr pryhphqwv

lq pdujlqdo frvwv1 Zh frqvlghu wkuhh vxfk phfkdqlvpv lq zkdw iroorzv1 Wkhq/ zh h{dplqh krz

wkh frqwudfw pxowlsolhu fkdqjhv lq wkh ydulrxv prghov dv zh ydu| sdudphwhuv/ dqg zh h{soruh krz

frpelqlqj wkh ydulrxv phfkdqlvpv fkdqjhv wkh pxowlsolhu1

914 Qhdu~Shuihfw Vxevwlwxwh Suhihuhqfhv

Iluvw/ zh frqvlghu d vshfl�fdwlrq ri suhihuhqfhv lq zklfk frqvxpswlrq dqg ohlvxuh duh qhdu~

shuihfw vxevwlwxwhv1 Zlwk wkhvh suhihuhqfhv/ � lv vpdoo/ vr wkdw sulfhv duh lqvhqvlwlyh wr pryhphqwv lq
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pdujlqdo frvwv1 Lqwxlwlrq vxjjhvwv wkdw wkhvh suhihuhqfhv vkrxog jhqhudwh d odujh frqwudfw pxowlsolhu1

Zh �qg wkdw zlwkrxw wkh lqwhuwhpsrudo olqnv ri fdslwdo dffxpxodwlrq dqg lqwhuhvw0vhqvlwlyh prqh|

ghpdqg/ wkh| gr1 Rqfh zh dgg lqwhuwhpsrudo olqnv/ krzhyhu/ wkh frqwudfw pxowlsolhu lv vpdoo1

Wr vhh krz wkh vxevwlwxwdelolw| ri frqvxpswlrq dqg ohlvxuh lv uhodwhg wr �> frqvlghu wkh

iroorzlqj phdvxuh1 Ohw �e ghqrwh wkh htxloleulxp hodvwlflw| ri vxevwlwxwlrq ehwzhhq ohlvxuh dqg

frqvxpswlrq lq d vwhdg| vwdwh zlwk frr @ orr @ +P@ �S ,rr gh�qhg e|

�e @ �
C orj

�
�3,
S
mrr

�
C orj

�
�L,

LS
mrr

� =
Wklv hodvwlflw| phdvxuhv wkh shufhqwdjh fkdqjh lq wkh htxloleulxp udwlr ri ohlvxuh wr frqvxpswlrq

lqgxfhg e| d shufhqwdjh fkdqjh lq wkh htxloleulxp zdjh udwh1 Lq htxloleulxp/ wkh zdjh udwh htxdov

wkh pdujlqdo udwh ri vxevwlwxwlrq ehwzhhq ohlvxuh dqg frqvxpswlrq/ frqvxpswlrq htxdov oderu lqsxw/

dqg/ zlwk vwdwlf prqh| ghpdqg/ f @ P@ �S= Lw lv vwudljkwiruzdug wr vkrz wkdw �e @ 4@^�+4 � f,`1

Fohduo|/ iru � wr eh vpdoo/ �e pxvw eh odujh1

Wklv dujxphqw ohdgv xv wr frqvlghu xwlolw| ixqfwlrqv ri wkh irup=

X+f> o>P@ �S , @

%
f�3V

4� �
� $�

o�n1

4 . �
. $2

+P@ �S ,�3D

4� �

&�3j
@+4� �,=+74,

Iru vxfk xwlolw| ixqfwlrqv/ li � dqg � duh vpdoo/ vr wkdw wkh xwlolw| ixqfwlrq lv forvh wr olqhdu lq

erwk frqvxpswlrq dqg ohlvxuh/ wkhq �e lv odujh1 Orj0olqhdul}lqj wkh oderu vxsso| htxdwlrq +46,

jlyhv � @ �. �> zkhuh 4@� lv wkh oderu vxsso| hodvwlflw| hydoxdwhg dw wkh vwhdg| vwdwh1 Zlwk wkhvh

suhihuhqfhv/ zh fdq jhw d odujh frqwudfw pxowlsolhu dv orqj dv � dqg � duh vpdoo hqrxjk1 Iru h{dpsoh/

d � ri 3=3335 dqg d oderu vxsso| hodvwlflw| ri </3<4 |lhog � @ 3=33364 dqg d frqwudfw pxowlsolhu

ri 53= Wkhvh fdofxodwlrqv vxjjhvw wkdw suhihuhqfhv zlwk kljk vxevwlwxwdelolw| ehwzhhq frqvxpswlrq

dqg ohlvxuh r�hu rqh urxwh wr shuvlvwhqfh1 EEodqfkdug dqg Ilvfkhu +4<;<, dqg Eodqfkdug +4<<3,

srlqw wr wkh lpsruwdqfh ri kljk oderu vxsso| hodvwlflwlhv lq jhqhudwlqj shuvlvwhqfh1 Rxu fdofxodwlrqv

vxjjhvw wkdw qhdu txdvl0olqhdulw| lq frqvxpswlrq lv dovr fuxfldo1�
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Wr vhw wkh sdudphwhu �> zh xvh wkh prqh| ghpdqg htxdwlrq iru wklv hfrqrp|=

orj
P
�S

@ frqvwdqw .
�

�
orj f� 4

�
orj

U� 4

U
>+75,

zkhuh U lv wkh jurvv qrplqdo lqwhuhvw udwh1 Wklv prqh| ghpdqg htxdwlrq pdnhv fohdu wkdw rqfh �

lv jlyhq/ zh fdqqrw ydu| wkh lqwhuhvw hodvwlflw| ri prqh| ghpdqg zlwkrxw dovr ydu|lqj wkh hodvwlflw|

ri frqvxpswlrq1 Wkhuhiruh/ zkhq zh holplqdwh wkh lqwhuwhpsrudo olqn ri lqwhuhvw0vhqvlwlyh prqh|

ghpdqg/ zh uhsodfh wkh prqh| ghpdqg htxdwlrq zlwk d vwdwlf prqh| ghpdqg htxdwlrq ri wkh irup

P@ �S @ f1 Zkhq zh doorz lqwhuwhpsrudo olqnv/ zh vhw � @ �> vr wkdw wkh frqvxpswlrq hodvwlflw| ri

prqh| ghpdqg lv 4 +dv edodqfhg jurzwk glfwdwhv,1

Wkh uhvxowv iru wklv prgho vkrz wkdw lqwhuwhpsrudo olqnv fdq kdyh d gudpdwlf h�hfw rq wkh

frqwudfw pxowlsolhu1 +Vhh Wdeoh LL1, Zlwk Q @ 5/ qr shuvlvwhqfh lq prqh| jurzwk/ dqg qr lqwhuwhp0

srudo olqnv/ wkh pxowlsolhu lv 54=<:1 Wkh vdph hfrqrp| zlwk lqwhuwhpsrudo olqnv kdv d pxowlsolhu

ri rqo| 3=83= Wkh uhvxowv dovr vkrz wkdw wkh nh| lqwhuwhpsrudo olqn wkdw d�hfwv wkh pxowlsolhu lv

fdslwdo dffxpxodwlrq1 Iru wkh hfrqrp| zlwk Q @ 46 dqg shuvlvwhqw prqh| jurzwk/ wkh uhgxfwlrq lq

wkh pxowlsolhu lv hyhq pruh gudpdwlf1 Holplqdwlqj lqwhuwhpsrudo olqnv pdnhv ghyhorslqj dqdo|wlfdo

vroxwlrqv hdv|> wkdw vwhs lv/ wkhuhiruh/ xvxdoo| wkrxjkw ri dv d xvhixo vkruwfxw1 Wkh uhvxowv khuh

vkrz wkdw wklv vkruwfxw fdq eh plvohdglqj1

Iru wklv hfrqrp|/ wkh lpsxovh uhvsrqvhv iroorzlqj d rqh0wlph prqh| vkrfn duh dv iroorzv1

Rxwsxw dqg frqvxpswlrq ulvh e| d odujh dprxqw lq wkh lpsdfw shulrg dqg e| d pxfk vpdoohu

dprxqw wkhuhdiwhu1 Wkh frqwudfw pxowlsolhu lv vpdoo ehfdxvh prqh| vkrfnv ohdg wr dq lqyhvwphqw

errp lq wkh lpsdfw shulrg/ zklfk udlvhv wkh ghpdqg iru oderu dqg/ wkhuhiruh/ zdjh udwhv1 Vlqfh

xwlolw| lv qhduo| olqhdu lq erwk frqvxpswlrq dqg oderu/ wkh ulvh lq zdjh udwhv ohdgv wr d odujh lqfuhdvh

lq erwk frqvxpswlrq dqg oderu lq wkh lpsdfw shulrg uhodwlyh wr ixwxuh shulrgv1 Wklv pdnhv erwk

wkh kdoi0olih ri rxwsxw dqg wkh pxowlsolhu vpdoo1

Dgglqj dgmxvwphqw frvwv zrxog lqfuhdvh wkh frqwudfw pxowlsolhu/ exw zrxog dovr udlvh sure0

ohpv1 Zlwk Q @ 46/ shuvlvwhqw prqh| jurzwk/ dqg erwk lqwhuwhpsrudo olqnv/ wkh yrodwlolw| ri
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lqyhvwphqw uhodwlyh wr rxwsxw lv 3175/ zklfk lv vxevwdqwldoo| ohvv wkdq wkh fruuhvsrqglqj vwdwlvwlf lq

wkh gdwd1 Dgglqj dgmxvwphqw frvwv wr lqyhvwphqw zloo ghfuhdvh wklv uhodwlyh yrodwlolw| hyhq ixuwkhu/

pdnlqj wklv d srruhu exvlqhvv f|foh prgho dorqj wklv lpsruwdqw glphqvlrq1 H{shulphqwv zlwk d

odujh udqjh ri dgmxvwphqw frvwv gr qrw fkdqjh wkh pxowlsolhu pxfk= wkh| uhgxfh wkh vl}h ri wkh

rxwsxw uhvsrqvh lq wkh lpsdfw shulrg exw dovr lq vxevhtxhqw shulrgv1

Wkh uhvxowv iru wklv prgho dovr hpskdvl}h wkh uroh ri lqwhuhvw0hodvwlf prqh| ghpdqg1 Lq

prghov zlwk d vwdwlf prqh| ghpdqg htxdwlrq ri wkh irup ap� as @ a|/ wkh frqwudfw pxowlsolhu fohduo|

lv odujh li dqg rqo| li wkh sulfh ohyho uhvsrqgv vorzo| ryhu wlph1 Lq rxu qhdu~shuihfw vxevwlwxwhv

prgho/ prqh| ghpdqg lv lqwhuhvw hodvwlf1 Lw wxuqv rxw wkdw dowkrxjk wkh sulfh ohyho uhvsrqgv vorzo|/

rxwsxw lv qrw d�hfwhg yhu| pxfk/ dqg wkh frqwudfw pxowlsolhu lv wlq|1 Wkh uhdvrq lv wkdw lqwhuhvw

udwhv idoo hqrxjk vr wkdw krxvhkrogv zloolqjo| ghpdqg kljkhu uhdo edodqfhv/ hyhq wkrxjk rxwsxw kdv

qrw ulvhq pxfk1

Rqh sureohp zlwk h{wuhph vxevwlwxwdelolw| ehwzhhq frqvxpswlrq dqg ohlvxuh lv wkdw wkhvh

suhihuhqfhv kdyh wurxeohvrph lpsolfdwlrqv iru wkh ehkdylru ri oderu vxsso| zlwk hyhq prghvw jurzwk

lq zdjh udwhv dqg frqvxpswlrq1 Vxssrvh/ iru h{dpsoh/ wkdw zdjh udwhv dqg frqvxpswlrq jurz 5

shufhqw shu |hdu1 Wkhq/ zlwk rxu sdudphwhu ydoxhv/ oderu lqsxw ulvhv 8: shufhqw hdfk gd|1

915 Frqyh{ Ghpdqg

Qrz zh h{soruh dq dyhqxh vxjjhvwhg e| Nlpedoo +4<<8,/ ghvljqhg wr pdnh sulfhv ohvv vhqvlwlyh

wr pdujlqdo frvwv/ zklfk vkrxog whqg wr lqfuhdvh wkh vl}h ri wkh pxowlsolhu1 Wr prwlydwh Nlpedoo*v

lghd/ qrwh wkdw wkh orj0olqhdul}hg sulflqj htxdwlrq +5<, lpsolhv wkdw d 4 shufhqw lqfuhdvh lq pdujlqdo

frvwv +zklfk duh vlpso| zdjh udwhv lq rxu prgho zlwkrxw fdslwdo, uhvxowv lq d 4 shufhqw lqfuhdvh lq

sulfhv vhw e| wkh fxuuhqw frkruw ri lqwhuphgldwh jrrgv surgxfhuv1 Wkh lqwxlwlrq iru wklv ihdwxuh lv

dv iroorzv1 Lq vwdwlf prghov/ d prqrsrolvw*v pdunxs ri sulfh ryhu pdujlqdo frvw lv d vlpsoh ixqfwlrq

ri wkh hodvwlflw| ri ghpdqg1 Zlwk frqvwdqw hodvwlflw| ri ghpdqg/ wkh pdunxs lv frqvwdqw/ vr wkdw

zkhq frvwv ulvh 4 shufhqw/ vr gr sulfhv1
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Nlpedoo +4<<8, vxjjhvwv dq dowhuqdwlyh irupxodwlrq ri wkh �qdo jrrgv surgxfwlrq whfkqrorj|

wkdw uhvxowv lq ghpdqg ixqfwlrqv zlwk wkh iroorzlqj ihdwxuh= dv sulfhv ulvh/ wkh hodvwlflw| ri ghpdqg

lqfuhdvhv/ vr wkdw wkh ghpdqg fxuyh lv frqyh{1 Ghpdqg ixqfwlrqv ri wklv nlqg fdq pdnh wkh pdunxs

ghfolqh dv sulfhv ulvh/ wkxv lpso|lqj wkdw d 4 shufhqw lqfuhdvh lq pdujlqdo frvwv uhvxowv lq d ohvv

wkdq 4 shufhqw lqfuhdvh lq sulfhv1 Wkxv/ diwhu d prqhwdu| vkrfn/ hdfk frkruw ri �upv grhv qrw udlvh

sulfhv pxfk/ vr wkdw rxwsxw ghyldwhv iurp lwv vwhdg| vwdwh iru d orqj wlph1

Zh ehjlq e| dqdo|}lqj wklv dowhuqdwlyh irupxodwlrq lq d yhuvlrq ri rxu prgho zlwkrxw fdslwdo

dqg zlwk Q @ 51 Wklv dowhuqdwlyh irupxodwlrq forvho| iroorzv Nlpedoo*v +4<<8, zrun1 Ohw wkh whfk0

qrorj| iru surgxflqj �qdo jrrgv eh lpsolflwo| gh�qhg e|
U
j+|�@|, gl @ 4> zkhuh |� lv wkh xvh ri

wkh lqwhuphgldwh jrrg l dqg | lv wkh rxwsxw ri wkh �qdo jrrg1 Sur�w pd{lpl}dwlrq e| �qdo jrrgv

surgxfhuv/ wrjhwkhu zlwk }hur sur�wv/ lpsolhv wkdw S�@ �S @ j�+|�@|,@
U
j�+|�@|,+|�@|, gl= Wklv frq0

glwlrq fdq eh lqyhuwhg wr |lhog wkh ghpdqg ixqfwlrq frqiurqwlqj hdfk lqwhuphgldwh jrrgv surgxfhu=

|_� @| @ gE+S�@ �S ,
U
j�+|�@|,+|�@|, gl�> zkhuh g � +j�,3�= Vxevwlwxwlqj wklv ghpdqg ixqfwlrq lqwr wkh

pd{lpl}dwlrq sureohp +9,/ zh fdq vroyh iru wkh rswlpdo sulfh iru lqwhuphgldwh jrrgv surgxfhu l1

Orj0olqhdul}lqj wkh uhvxowlqj rswlpdo sulflqj htxdwlrq |lhogv

a{�| @
4

5
H|3�as| .

4

5
H|3�as|n� .

*

5
H|3�+ az| . az|n�,>+76,

zkhuh djdlq sulfhv duh zulwwhq lq orj0ghyldwlrq irup1 Wkh sdudphwhu * lv jlyhq e|

* @
4� +4@%,

5� +"@%,
>+77,

zkhuh % lv wkh hodvwlflw| ri ghpdqg hydoxdwhg dw wkh vwhdg| vwdwh +wkdw lv/ % @ �g�+j�+4,,j�+4,,

dqg " lv wkh sdudphwhu jryhuqlqj wkh fxuydwxuh ri wkh ghpdqg ixqfwlrq Ewkdw lv/ " @

�g��+j�+4,,j�+4,@g�+j�+4,,�1 Vxevwlwxwlqj az| @ ^4 . �$@#`a|| dqg +5;, lqwr +76,/ zh rewdlq

a{| @
4

5
a{|3� .

4

5
H|3�a{|n� . �H|3�+a|| . a||n�,>+78,

zkhuh � @ *^4 . �$@#`1 Qrwh wkdw +78, kdv wkh vdph irup dv +68, exw d gl�huhqw ydoxh iru �1 Wkh

dqdo|vlv deryh ghprqvwudwhv wkdw orzhu ydoxhv ri � ohdg wr pruh shuvlvwhqw rxwsxw pryhphqwv1 Wkh
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sdudphwhu * lv ghwhuplqhg e| wkh ydoxhv ri % dqg "1 Iurp htxdwlrq +77,/ zh fdq vhh wkdw li wkh

ghpdqg ixqfwlrq lv vx�flhqwo| frqyh{/ vr wkdw " lv vx�flhqwo| qhjdwlyh/ wkhq */ dqg khqfh �/ fdq

eh pdgh duelwudulo| vpdoo dqg rxwsxw fdq eh pdgh duelwudulo| shuvlvwhqw1 Qrwh dovr wkdw lqfuhdvhv

lq %> zlwk " khog �{hg/ uhgxfh *1 Zh vkrz odwhu wkdw wklv uhodwlrq lv lpsruwdqw1

Wkh nh| txhvwlrq qrz lv/ Zkdw ydoxhv ri " lpso| vxevwdqwldo shuvlvwhqfh ri rxwsxwB Nlp0

edoo +4<<8, fkrrvhv d sdudphwhul}dwlrq lq zklfk d 4 shufhqw lqfuhdvh lq pdunhw vkduh/ |�@|> ohdgv

wr d ghfolqh lq wkh hodvwlflw| ri ghpdqg iurp 44 wr ;1 Lq rxu prgho/ wkh hodvwlflw| ri ghpdqg lq

wkh vwhdg| vwdwh lv 43/ vr zh fkrrvh d sdudphwhul}dwlrq lq zklfk d 4 shufhqw lqfuhdvh lq pdunhw

vkduh/ |�@|> ohdgv wr d ghfolqh lq wkh hodvwlflw| ri ghpdqg iurp 43 wr :1 Zh xvh d Wd|oru vhulhv

h{sdqvlrq ri wkh hodvwlflw| ri ghpdqg durxqg wkh vwhdg| vwdwh wr fdofxodwh wkh ydoxh ri wkh fxu0

ydwxuh sdudphwhu dvvrfldwhg zlwk Nlpedoo*v sdudphwhul}dwlrq1 Wkh hodvwlflw| ri ghpdqg lv jlyhq

e| % +|�@|, @ �g�Ej� +|�@|,�j�E+|�@|, @+|�@|,�= Vlqfh j�� @ 4@g�> zh fdq vhh wkdw wkh Wd|oru vhulhv

h{sdqvlrq ri %+|�@|, durxqg |�@| @ 4 lv jlyhq e| % +|�@|, �@ %+4,� ^4 . %+4,� "` +|�@| � 4,1 Xvlqj

Nlpedoo*v sdudphwhul}dwlrq/ zh rewdlq d ydoxh ri " @ �5;<1 Wklv ydoxh lpsolhv wkdw * @ 3135</

dqg zlwk rxu rwkhu sdudphwhuv/ wkh uhvxowlqj ydoxh ri � lv 313781 Wklv ydoxh lpsolhv d frqwudfw

pxowlsolhu ri 5=51

Xqiruwxqdwho|/ krzhyhu/ wklv sdudphwhul}dwlrq lpsolhv wkdw wkh ghpdqg ixqfwlrq pxvw eh

h{wudruglqdulo| frqyh{1 Wr dssuhfldwh krz frqyh{ wklv ghpdqg ixqfwlrq pxvw eh/ frqvlghu d vhfrqg0

rughu Wd|oru vhulhv h{sdqvlrq ri wkh ghpdqg ixqfwlrq dw wkh vwhdg| vwdwh/ jlyhq e|
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j�+4,
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�S
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=+79,

Xvlqj wkh sdudphwhul}dwlrq wkdw jlyhv d pxowlsolhu ri 515/ zh vhh wkdw wklv ghpdqg ixqfwlrq lpsolhv

wkdw d 5 shufhqw lqfuhdvh lq uhodwlyh sulfhv uhvxowv lq d :; shufhqw uhgxfwlrq lq ghpdqg/ dqg d 5=6

shufhqw lqfuhdvh lq uhodwlyh sulfhv uhvxowv lq }hur ghpdqg1 D ghpdqg ixqfwlrq zlwk wklv h{wuhph

ohyho ri frqyh{lw| lv fohduo| lqfrqvlvwhqw zlwk erwk fdvxdo hpslulflvp dqg d zlgh ydulhw| ri ghpdqg

vwxglhv iru d zlgh udqjh ri surgxfwv1
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Wkh frqwudfw pxowlsolhu lv vpdoohu lq wkh suhvhqfh ri lqwhuwhpsrudo olqnv1 +Vhh Wdeoh LL1,

Zkhq Q @ 46 dqg prqh| jurzwk lv shuvlvwhqw/ wkh pxowlsolhu lv 61:< zlwkrxw lqwhuwhpsrudo olqnv

dqg rqo| 4188 zlwk vxfk olqnv1 Wkh lqwxlwlrq iru wkhvh uhvxowv lv vlplodu wr wkdw lq wkh qhdu~shuihfw

vxevwlwxwhv prgho1

916 Vshfl�f Idfwruv

Qrz zh dvvxph wkdw hdfk lqwhuphgldwh jrrg lv surgxfhg xvlqj d vshfl�f idfwru lq dgglwlrq

wr oderu dqg fdslwdo1 Hdfk ri wkhvh vshfl�f idfwruv lv lqhodvwlfdoo| vxssolhg1 Wkh prwlydwlrq iru

lqfoxglqj wkhvh vshfl�flwlhv lv/ ri frxuvh/ wr vhh li wkh| ohdg wr juhdwhu shuvlvwhqfh lq rxwsxw1 Dv

rxu glvfxvvlrq ri wkh ehqfkpdun prgho pdnhv fohdu/ d nh| idfwru ghwhuplqlqj shuvlvwhqfh lq prghov

zlwkrxw lqwhuwhpsrudo olqnv lv wkh vhqvlwlylw| ri wkh prqrsrolvw*v sulfh wr fkdqjhv lq hfrqrp|0zlgh

rxwsxw1 Zlwk vshfl�f idfwruv/ wklv vhqvlwlylw| lv d�hfwhg e| wzr irufhv�wkh rxwsxw h�hfw dqg wkh

zdjh h�hfw1 Lqfuhdvhv lq hfrqrp|0zlgh rxwsxw lqgxfh lqfuhdvhv lq wkh prqrsrolvw*v rxwsxw dqg

udlvh wkh prqrsrolvw*v frvwv ehfdxvh ri ghfuhdvlqj uhwxuqv wr vfdoh1 Wklv lqfuhdvh lq frvwv lqgxfhv

wkh prqrsrolvw wr udlvh wkh sulfh1 Dorqh/ wkh rxwsxw h�hfw pdnhv sulfhv pruh vhqvlwlyh wr fkdqjhv lq

rxwsxw1 Lqfuhdvhv lq zdjh udwhv lqgxfh d vpdoohu lqfuhdvh lq wkh prqrsrolvw*v sulfh zlwk ghfuhdvlqj

uhwxuqv wr vfdoh1 Dorqh/ wkh zdjh h�hfw pdnhv sulfhv ohvv vhqvlwlyh wr fkdqjhv lq rxwsxw1 Wkh zdjh

h�hfw lv vwurqjhu wkh pruh hodvwlf lv ghpdqg1 Zkhq ghpdqg lv vx�flhqwo| hodvwlf/ wkh zdjh h�hfw

grplqdwhv/ wkh prqrsrolvw*v sulfh lv uhodwlyho| lqvhqvlwlyh wr djjuhjdwh rxwsxw/ dqg prqhwdu| vkrfnv

kdyh pruh shuvlvwhqw h�hfwv1

Zh ehjlq e| dqdo|}lqj d yhuvlrq ri wklv prgho zlwkrxw lqwhuwhpsrudo olqnv1 Wkh surgxfwlrq

ixqfwlrq iru surgxflqj lqwhuphgldwh jrrgv lv jlyhq e| |+l> v|, @ o+l> v|,�3k= Rqh lqwhusuhwdwlrq ri

wklv surgxfwlrq ixqfwlrq lv wkdw lw lv d frqvwdqw uhwxuqv wr vfdoh surgxfwlrq ixqfwlrq lq oderu dqg d

vshfl�f idfwru/ vxfk dv odqg1 Wkh sulfh0vhwwlqj htxdwlrq iru wkh prqrsrolvw lv jlyhq e| wkh dqdorj

ri +5:,=
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zkhuh D @ �@+4 � �, dqg % @ 4@+4 � �,> zklfk lv wkh hodvwlflw| ri ghpdqg1 Frpsdulqj +7:, wr

+5:,/ zh vhh wkdw zlwk ghfuhdvlqj uhwxuqv wr vfdoh/ wzr fkdqjhv kdyh rffxuuhg1 Uhodwlyh wr +5:,/

+7:, kdv dq h{wud whup1 Wklv h{wud whup/ wkh odvw rqh lq +7:,/ lv wkh rxwsxw h�hfw glvfxvvhg deryh

dqg uh�hfwv wkh lqfuhdvh lq pdujlqdo frvwv dvvrfldwhg zlwk dq lqfuhdvh lq rxwsxw1 Wkh uhvsrqvh ri

wkh sulfh wr wkh zdjh udwh lv uhgxfhg e| 4@+4 .D%, dqg lv wkh zdjh h�hfw glvfxvvhg deryh1 Zlwk

frqvwdqw uhwxuqv wr vfdoh +D @ 3,> wklv sulfh0vhwwlqj htxdwlrq grhv qrw ghshqg rq wkh hodvwlflw|

ri ghpdqg ru gluhfwo| rq djjuhjdwh rxwsxw1 Zlwk ghfuhdvlqj uhwxuqv wr vfdoh/ wkh odujhu lv wkh

ghpdqg hodvwlflw|/ wkh ohvv vhqvlwlyh lv wkh ehvw uhvsrqvh wr zdjh udwhv dqg hfrqrp|0zlgh rxwsxw1

Vxevwlwxwlqj az| @ ^4 . �$@#`a|| dqg +5;, lqwr +7:, dqg lpsrvlqj htxloleulxp jlyhv dq htxdwlrq ri

wkh irup lq +68, zlwk

� @
4 . �$@# .D

4 .D%
=+7;,

Iru wkh sdudphwhuv jlyhq lq Wdeoh L�qdpho|/ � @ 3=<> % @ 43> # @ 4=8> dqg $ @ 3=<7�dqg zlwk

D @ 6@5/ zh jhw � @ 3=4<= Wklv ydoxh ri � |lhogv d frqwudfw pxowlsolhu ri rqo| 41681 Li/ krzhyhu/ wkh

hodvwlflw| ri ghpdqg lv odujh hqrxjk/ wkhq � fdq eh pdgh duelwudulo| forvh wr 3 dqg wkh frqwudfw

pxowlsolhu fdq eh pdgh duelwudulo| odujh1 Iru h{dpsoh/ zh fdq jhqhudwh d frqwudfw pxowlsolhu ri 53

zlwk dq hodvwlflw| ri ghpdqg ri % @ 9833 +� @ 3=<<<;,=

Zkloh kljk hqrxjk ghpdqg hodvwlflwlhv fdq ohdg wr vxevwdqwldo shuvlvwhqfh/ wkh| dovr ohdg

wr h{wuhpho| frxqwhuidfwxdo lpsolfdwlrqv uhjduglqj wkh glvwulexwlrq ri rxwsxw dfurvv �upv lq rxu

hfrqrp|1 Wr vhh wklv/ qrwh wkdw uhodwlyh rxwsxwv ri prqrsrolvwv l dqg m duh jlyhq e| |+l> v|,@|+m> v|, @

�
S +m> v|,@S +l> v|,

�0
1 Iru h{dpsoh/ zlwk % @ 9833> d 4 shufhqw gl�huhqfh lq uhodwlyh sulfhv lpsolhv d

gl�huhqfh lq uhodwlyh rxwsxwv htxdo wr 4=5� 43�f shufhqw +4=34SDff,1

Lqwurgxflqj lqwhuwhpsrudo olqnv lqwr wklv prgho dovr uhgxfhv wkh vl}h ri wkh frqwudfw pxowlsolhu1

Dvvxph wkdw wkh whfkqrorj| iru surgxflqj hdfk lqwhuphgldwh jrrg l lv jlyhq e| I En+l> v|,> o+l> v|,�

@ n+l> v|,k�o+l> v|,k2 > zkhuh �� . �2 ? 4= Wkh uhvxowv lq Wdeoh LL vkrz krz wkh pxowlsolhu fkdqjhv

rqfh zh lqfoxgh fdslwdo dqg lqwhuhvw0vhqvlwlyh prqh| ghpdqg1 Iru wkh vshfl�f idfwruv hfrqrp|/ zh
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vhw �2 @ 7@<> dqg zkhq fdslwdo lv lqfoxghg/ zh vhw �� @ 5@<= Zh dovr dvvxph wkdw dgmxvwphqw frvwv

wr fdslwdo duh vhw vr wkdw wkh uhodwlyh yrodwlolw| ri lqyhvwphqw wr rxwsxw lv vlplodu wr wkdw lq wkh

gdwd1 Zlwkrxw fdslwdo ru lqwhuhvw0vhqvlwlyh prqh| ghpdqg olqnv/ wkh pxowlsolhu lv 41;5 zlwk Q @ 46

dqg � @ 3=8:
�

�� 1 Lqwurgxflqj fdslwdo dqg lqwhuhvw0vhqvlwlyh prqh| ghpdqg uhgxfhv wklv pxowlsolhu

wr 4166/ zklfk lv qrw pxfk kljkhu wkdq wkh pxowlsolhu*v ydoxh lq rxu ehqfkpdun hfrqrp|1

917 Vhqvlwlylw| Dqdo|vlv

Ilqdoo|/ zh h{dplqh krz wkh frqwudfw pxowlsolhu fkdqjhv lq wkh ydulrxv prghov dv zh ydu|

sdudphwhuv/ erwk rqh dw d wlph dqg vlpxowdqhrxvo|1 Zh dovr frqvlghu krz frpelqlqj wkh ydulrxv

prghov zh kdyh h{soruhg fkdqjhv wkh pxowlsolhu1 Khuh zh irfxv rq nh| sdudphwhuv1 +Lq Fkdul/

Nhkrh/ dqg PfJudwwdq +4<<;,/ zh uhsruw rq krz wkh pxowlsolhu ydulhv zlwk doo ri wkh sdudphwhuv1,

Zh �qg wkdw wkh ydoxh ri wkh pxowlsolhu lv urxjko| 5 dqg wkdw frpelqlqj wkh ydulrxv prghov grhv

qrw udlvh wkh pxowlsolhu pxfk1

Zh ehjlq zlwk wkh ehqfkpdun hfrqrp|1 Lq Iljxuh 4 zh vkrz krz wkh pxowlsolhu ydulhv dv zh

ydu| rqh sdudphwhu dw d wlph iru wkdw hfrqrp|/ kroglqj �{hg wkh uhodwlyh yrodwlolw| ri lqyhvwphqw

wr rxwsxw1 Wkh rwkhu sdudphwhuv iru wklv hfrqrp|/ zlwk wkh h{fhswlrq ri wkh dgmxvwphqw frvw

sdudphwhu/ duh vhw dw wkhlu fdoleudwhg ydoxhv jlyhq lq Wdeoh L1 Lq Iljxuh 4/ sdqhov D dqg E looxvwudwh

wkh urohv ri wkh lqwhuwhpsrudo olqnv1 Sdqho D vkrzv wkdw wkh pxowlsolhu lv urxjko| frqvwdqw lq wkh

lqwhuhvw hodvwlflw| ri prqh| ghpdqg dqg wkdw wkh pxowlsolhu ulvhv rqo| zkhq wkh lqwhuhvw hodvwlflw| lv

ohvv wkdq 31381 Sdqho E vkrzv wkdw wkh pxowlsolhu grhv qrw fkdqjh pxfk dv wkh fdslwdo vkduh ydulhv1

Sdqho F lq Iljxuh 4 vkrzv wkdw pdnlqj wkh xwlolw| ixqfwlrq pruh frqfdyh wkdq orj +lqfuhdvlqj

wkh ulvn dyhuvlrq sdudphwhu � deryh 4, uhgxfhv wkh pxowlsolhu1 Wkh frqwudfw pxowlsolhu ydulhv zlwk

wkh ulvn dyhuvlrq sdudphwhu ehfdxvh lq doo rxu h{shulphqwv zh fkrvh wkh dgmxvwphqw frvw sdudphwhu

wr surgxfh wkh yrodwlolw| ri lqyhvwphqw uhodwlyh wr rxwsxw lq wkh gdwd1 Dv wkh xwlolw| ixqfwlrq jhwv

pruh frqfdyh/ wkh yrodwlolw| ri lqyhvwphqw idoov zlwkrxw dgmxvwphqw frvwv1 Wr nhhs wkh yrodwlolw|

ri lqyhvwphqw frqvwdqw/ zh pxvw uhgxfh dgmxvwphqw frvwv dv zh udlvh ulvn dyhuvlrq1 Exw orzhulqj
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dgmxvwphqw frvwv uhgxfhv wkh frqwudfw pxowlsolhu1 Zkhq wkh ulvn dyhuvlrq sdudphwhu lv deryh 515/

dgmxvwphqw frvwv duh qrw qhhghg dqg wkh frqwudfw pxowlsolhu lv vpdoo1

Sdqho G lq Iljxuh 4 looxvwudwhv wkdw wkh frqwudfw pxowlsolhu lqfuhdvhv dv wkh ghpdqg hodvwlflw|

% E@ 4@+4 � �,� lqfuhdvhv1 Wkh lqwxlwlrq iru wklv �qglqj lv vlplodu wr wkdw lq wkh vshfl�f idfwruv

hfrqrp|1 Vlqfh fdslwdo grhv qrw pryh pxfk/ lw dfwv olnh d idfwru lq �{hg vxsso|1

Zh dovr h{shulphqw e| ydu|lqj vrph nh| sdudphwhuv vlpxowdqhrxvo| zlwklq wkh udqjhv uh0

sruwhg lq Wdeoh LLL1 Zh vhw wkh glvfrxqw idfwru �/ wkh ghsuhfldwlrq udwh �/ dqg wkh vkduh sdudphwhu

lq xwlolw| $ dw wkhlu fdoleudwhg ydoxhv1 +Vhh Wdeoh L1, Rxu udqjhv iru wkh lqwhuhvw hodvwlflw| �/ wkh

fdslwdo vkduh �/ ulvn dyhuvlrq �/ dqg wkh zhljkw rq ohlvxuh # duh fkrvhq wr lqfoxgh prvw ri wkh

hvwlpdwhv surylghg lq wkh olwhudwxuh1 Zh fkrrvh � vr wkdw prqh| jurzwk udqjhv iurp lqghshqghqw

dqg lghqwlfdoo| glvwulexwhg wr yhu| shuvlvwhqw1 Zh fkrrvh wkh hodvwlflw| ri ghpdqg % wr udqjh iurp

idluo| lqhodvwlf wr dq xsshu erxqg glfwdwhg e| frpsxwdwlrqdo ihdvlelolw|1 Zlwklq wkhvh sdudphwhu

udqjhv/ wkh odujhvw ydoxh ri wkh pxowlsolhu zh �qg lv 61381 Wklv rffxuv zlwk dq lqwhuhvw hodvwlflw| ri

315/ d fdslwdo vkduh ri 3155/ d zhljkw ri < rq ohlvxuh lq xwlolw|/ ulvn dyhuvlrq ri 4 +wkdw lv/ orj xwlolw|,/

d ghpdqg hodvwlflw| ri 633/ dqg d vhuldo fruuhodwlrq ri 31<9 rq prqh| jurzwk1

Lq sdqho D ri Iljxuh 5/ zh vkrz krz wkh pxowlsolhu ydulhv dv zh ydu| wkh ghpdqg fxuydwxuh

sdudphwhu " iru wkh frqyh{ ghpdqg hfrqrp|/ kroglqj �{hg wkh uhodwlyh yrodwlolw| ri lqyhvwphqw1

Wkh rwkhu sdudphwhuv iru wklv hfrqrp|/ zlwk wkh h{fhswlrq ri wkh dgmxvwphqw frvw sdudphwhu/ duh vhw

dw wkhlu fdoleudwhg ydoxhv1 +Vhh Wdeoh L1, Wkh lqvhw wr wkh �jxuh vkrzv wkdw wkh frqwudfw pxowlsolhu

lv 41; zlwk d ghpdqg fxuydwxuh ri �8:; ~ zklfk lv wzlfh dv odujh dv wkdw xvhg e| Nlpedoo +4<<8,1

Exw hyhq li zh vhw wkh fxuydwxuh sdudphwhu 433 wlphv kljkhu dw " @ �8:> ;33/ zh gr qrw jhw d

frqwudfw pxowlsolhu deryh 81 Ixuwkhupruh/ zlwk wklv fxuydwxuh sdudphwhu/ htxdwlrq +79, lpsolhv

wkdw d 318 shufhqw lqfuhdvh lq uhodwlyh sulfhv uhvxowv lq }hur ghpdqg1 Hyhq zlwk vxfk dq h{wuhpho|

frqyh{ ghpdqg ixqfwlrq/ zkhq zh udlvh � iurp 4 wr 515/ wkh frqwudfw pxowlsolhu idoov iurp d ydoxh

deryh 7 wr d ydoxh forvh wr 31 Djdlq/ wklv idoo lq wkh frqwudfw pxowlsolhu lv gxh wr wkh ghfuhdvh lq
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wkh dgmxvwphqw frvw sdudphwhu zkhq � lv udlvhg1 Wkh hpslulfdo dvvhw sulflqj olwhudwxuh vxjjhvwv d

ulvn dyhuvlrq sdudphwhu vljql�fdqwo| deryh 4/ vr wkdw hyhq wklv ohyho ri frqyh{lw| ri ghpdqg pd|

qrw eh hqrxjk wr jhqhudwh wkh uhtxlvlwh shuvlvwhqfh1 Zkhq zh ydu| wkh sdudphwhuv vlpxowdqhrxvo|

zlwklq wkh udqjhv uhsruwhg lq Wdeoh LLL/ zh �qg wkdw wkh odujhvw ydoxh ri wkh pxowlsolhu lv 61531

Lq sdqho E ri Iljxuh 5/ zh vkrz krz wkh pxowlsolhu ydulhv dv zh ydu| wkh h{whqw ri ghfuhdvlqj

uhwxuqv wr vfdoh lq wkh vshfl�f idfwruv hfrqrp|1 Zh gr vr e| ydu|lqj wkh vkduh ri wrwdo lqfrph

jrlqj wr wkh �{hg idfwru +4�����2,= Zkhq ydu|lqj wklv vkduh/ zh nhhs �2@�� htxdo wr 5 dqg ydu|

�� dqg �21 Zkhq zh gr wklv/ zh vhh wkdw wkh frqwudfw pxowlsolhu grhv qrw fkdqjh pxfk1 Zkhq

zh ydu| wkh sdudphwhuv vlpxowdqhrxvo| lq wkh udqjh uhsruwhg lq Wdeoh LLL/ zh �qg wkdw wkh odujhvw

ydoxh ri wkh pxowlsolhu lv 714:1

Ilqdoo|/ zh frqvlghu d prgho lq zklfk zh lqfrusrudwh qhdu~shuihfw vxevwlwxwhv/ frqyh{ gh0

pdqg/ dqg vshfl�f idfwruv lq rughu wr orrn iru vljql�fdqw lqwhudfwlrq h�hfwv1 Lq Wdeoh LL zh uhsruw

wkh uhvxowv iru wklv frpelqhg prgho dw rxu fdoleudwhg ydoxhv1 Wkh odvw froxpq ri Wdeoh LL vkrzv

wkdw frpelqlqj wkhvh ihdwxuhv udlvhv wkh pxowlsolhu prghvwo| wr 4=;4 iurp 4=88 +frqyh{ ghpdqg

rqo|, dqg 4166 +vshfl�f idfwruv rqo|,1 Zkhq zh ydu| wkh sdudphwhuv vlpxowdqhrxvo| lq wkh udqjhv

uhsruwhg lq Wdeoh LLL/ wkh pd{lpxp ydoxh ri wkh frqwudfw pxowlsolhu lv 714: dqg rffxuv zlwk wkh

vdph h{wuhph sdudphwhu vhwwlqjv dv wkh pd{lpxp ri wkh vshfl�f idfwruv hfrqrp|1

Rqh zd| wr xqghuvwdqg wklv lv wr qrwh wkdw dq| prgho zlwk qhdu~shuihfw vxevwlwxwhv jlyhv d

wlq| frqwudfw pxowlsolhu1 Wkxv/ wkh rqo| srvvleoh lqwhuhvwlqj lqwhudfwlrqv duh ehwzhhq wkh frqyh{

ghpdqg dqg vshfl�f idfwruv vshfl�fdwlrqv1 Sdqhov F dqg G ri Iljxuh 5 vkrz wkdw wkh frqyh{ ghpdqg

vshfl�fdwlrq jlyhv d odujh pxowlsolhu zkhq wkh ghpdqg hodvwlflw| lv vpdoo/ zkloh wkh vshfl�f idfwruv

vshfl�fdwlrq jlyhv d odujh pxowlsolhu zkhq wkh ghpdqg hodvwlflw| lv odujh1 Vr zkhq zh frpelqh

wkh wzr ihdwxuhv/ zh fdq hlwkhu fkrrvh wr pdnh wkh hodvwlflw| vpdoo dqg jhw hvvhqwldoo| wkh vdph

pxowlsolhu dv zlwk frqyh{ ghpdqg dorqh ru fkrrvh wr pdnh wkh hodvwlflw| odujh dqg jhw hvvhqwldoo|

wkh vdph pxowlsolhu dv zlwk vshfl�f idfwruv dorqh1 Lq qr vhqvh gr wkhvh wkuhh yduldwlrqv whqg wr
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uhlqirufh hdfk rwkhu/ dqg lq qr vhqvh lv wkh pxowlsolhu iru wkh prgho zlwk doo wkuhh yduldwlrqv wkh

vxp ri wkh pxowlsolhuv iru hdfk rqh vhsdudwho|1

:1 �NAW,�t�NA

Wkh fhqwudo fkdoohqjh wr d wkhru| ri prqhwdu| exvlqhvv f|fohv lv wr �qg d vroxwlrq wr wkh shu0

vlvwhqfh sureohp1 Prqhwdu| hfrqrplvwv kdyh orqj vhdufkhg iru d phfkdqlvp zklfk kdv d pxowlsolhu

h�hfw lq wkh vhqvh wkdw vpdoo iulfwlrqv ohdg wr orqj shulrgv ri hqgrjhqrxv sulfh uljlglw| dqg/ khqfh/

shuvlvwhqw rxwsxw pryhphqwv1 Khuh zh �qg wkdw wkh vwdjjhuhg sulfh0vhwwlqj phfkdqlvp lv qrw wkh

orqj0vrxjkw vroxwlrq1

Rqh lqwhusuhwdwlrq ri rxu �qglqjv lv wkdw li 8 |hduv ri h{rjhqrxv sulfh vwlfnlqhvv lv sodxvleoh/

wkhq frqyhqwlrqdo prghov xvhg lq wkh exvlqhvv f|foh olwhudwxuh fdq jhqhudwh shuvlvwhqw rxwsxw �xf0

wxdwlrqv1 Zlwk wkh dprxqw ri frqyh{lw| lq ghpdqg srvlwhg e| Nlpedoo +4<<8,/ ru zlwk h{wuhpho|

hodvwlf ghpdqg dqg vl}deoh ghsduwxuhv iurp frqvwdqw uhwxuqv wr vfdoh/ jhqhudwlqj shuvlvwhqfh uhtxluhv

5�2 |hduv ri h{rjhqrxv sulfh vwlfnlqhvv1 Li rqh txduwhu ri h{rjhqrxv sulfh vwlfnlqhvv lv sodxvleoh/ wkhq

jhqhudwlqj shuvlvwhqfh uhtxluhv h{wudruglqdulo| frqyh{ ghpdqg ru h{wuhpho| hodvwlf ghpdqg1

Dowrjhwkhu/ wkhvh �qglqjv vxjjhvw wkdw phfkdqlvpv wr vroyh wkh shuvlvwhqfh sureohp pxvw eh

irxqg hovhzkhuh1
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Ghsduwphqw ri Hfrqrplfv/ Xqlyhuvlw| ri Plqqhvrwd/ Plqqhdsrolv/ PQ 88788/ X1V1D1> Uh0

vhdufk Ghsduwphqw/ Ihghudo Uhvhuyh Edqn ri Plqqhdsrolv/ Plqqhdsrolv/ PQ 887;3/ X1V1D1> fkdulC

uhv1psov1iue1ihg1xv/

Ghsduwphqw ri Hfrqrplfv/ Xqlyhuvlw| ri Shqqv|oydqld/ Sklodghoskld/ SD 4<437/ X1V1D1> Uh0

vhdufk Ghsduwphqw/ Ihghudo Uhvhuyh Edqn ri Plqqhdsrolv/ Plqqhdsrolv/ PQ 887;3/ X1V1D1> dqg

Qdwlrqdo Exuhdx ri Hfrqrplf Uhvhdufk/ Fdpeulgjh/ PD 3546;/ X1V1D1> snhkrhCuhv1psov1iue1ihg1xv/

dqg

Uhvhdufk Ghsduwphqw/ Ihghudo Uhvhuyh Edqn ri Plqqhdsrolv/ Plqqhdsrolv/ PQ 887;3/ X1V1D1>

hupChoohq1psov1iue1ihg1xv
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Edoo/ Odxuhqfh/ dqg Gdylg Urphu +4<;<,= _Duh Sulfhv Wrr Vwlfn|B% Txduwhuo| Mrxuqdo ri Hfr0

qrplfv/ 437/ 83:~8571

�� +4<<3,= _Uhdo Uljlglwlhv dqg wkh Qrq0Qhxwudolw| ri Prqh|/% Uhylhz ri Hfrqrplf Vwxglhv/ 8:/

4;6~5361

Edvx/ Vxvdqwr +4<<9,= _Surf|folfdo Surgxfwlylw|= Lqfuhdvlqj Uhwxuqv ru F|folfdo Xwlol}dwlrqB%

Txduwhuo| Mrxuqdo ri Hfrqrplfv/ 444/ :4<~:841

Edvx/ Vxvdqwr/ dqg Mrkq J1 Ihuqdog +4<<7,= _Frqvwdqw Uhwxuqv dqg Vpdoo Pdunxsv lq X1V1 Pdq0

xidfwxulqj/% Lqwhuqdwlrqdo Ilqdqfh Glvfxvvlrq Sdshu 7;6/ Erdug ri Jryhuqruv ri wkh Ihghudo

Uhvhuyh V|vwhp1

�� +4<<8,= _Duh Dssduhqw Surgxfwlyh Vslooryhuv d Iljphqw ri Vshfl�fdwlrq HuuruB% Mrxuqdo ri

Prqhwdu| Hfrqrplfv/ 69/ 498~4;;1

Edvx/ Vxvdqwr/ dqg Plohv V1 Nlpedoo +4<<:,= _F|folfdo Surgxfwlylw| Zlwk Xqrevhuyhg Lqsxw Ydul0

dwlrq/% Zrunlqj Sdshu 8<48/ Qdwlrqdo Exuhdx ri Hfrqrplf Uhvhdufk1

Eodqfkdug/ Rolylhu Mhdq +4<<3,= _Zk| Grhv Prqh| D�hfw RxwsxwB D Vxuyh|/% lq Kdqgerrn ri

Prqhwdu| Hfrqrplfv/ yro1 5/ hg1 e| Ehqmdplq P1 Iulhgpdq dqg Iudqn K1 Kdkq1 Dpvwhugdp=

Qruwk0Kroodqg/ ::<~;681

�� +4<<4,= _Sulfh Dv|qfkurql}dwlrq dqg Sulfh0Ohyho Lqhuwld/% lq Qhz Nh|qhvldq Hfrqrplfv/

yro1 4/ Lpshuihfw Frpshwlwlrq dqg Vwlfn| Sulfhv/ hg1 e| Q1 Juhjru| Pdqnlz dqg Gdylg Urphu1

Fdpeulgjh/ Pdvv1= PLW Suhvv/ 576~5981

Eodqfkdug/ Rolylhu Mhdq/ dqg Vwdqoh| Ilvfkhu +4<;<,= Ohfwxuhv rq Pdfurhfrqrplfv1 Fdpeulgjh/

Pdvv1= PLW Suhvv1

Eodqfkdug/ Rolylhu Mhdq/ dqg Qrexklur Nl|rwdnl +4<;:,= _Prqrsrolvwlf Frpshwlwlrq dqg wkh H�hfwv

ri Djjuhjdwh Ghpdqg/% Dphulfdq Hfrqrplf Uhylhz/ ::/ 97:~9991

Fdsolq/ Dqguhz V1/ dqg Mrkq Y1 Ohdk| +4<<4,= _Vwdwh0Ghshqghqw Sulflqj dqg wkh G|qdplfv ri
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Prqh| dqg Rxwsxw/% Txduwhuo| Mrxuqdo ri Hfrqrplfv/ 439/ 9;6~:3;1

Fdsolq/ Dqguhz V1/ dqg Gdqlho I1 Vsxoehu +4<;:,= _Phqx Frvwv dqg wkh Qhxwudolw| ri Prqh|/%

Txduwhuo| Mrxuqdo ri Hfrqrplfv/ 435/ :36~:581

Fkdul/ Y1 Y1> Sdwulfn M1 Nhkrh> dqg Hoohq U1 PfJudwwdq +4<<;,= _Vwlfn| Sulfh Prghov ri wkh

Exvlqhvv F|foh= Fdq wkh Frqwudfw Pxowlsolhu Vroyh wkh Shuvlvwhqfh SureohpB% Uhvhdufk

Ghsduwphqw Vwd� Uhsruw 54:/ Ihghudo Uhvhuyh Edqn ri Plqqhdsrolv1

Fkr/ Mdqj Rn/ dqg Wkrpdv I1 Frroh| +4<<8,= _Wkh Exvlqhvv F|foh Zlwk Qrplqdo Frqwudfwv/%

Hfrqrplf Wkhru|/ 9/ 46~661

Fkulvwldqr/ Odzuhqfh M1 +4<;;,= _Zk| Grhv Lqyhqwru| Lqyhvwphqw Ioxfwxdwh Vr PxfkB% Mrxuqdo

ri Prqhwdu| Hfrqrplfv/ 54/ 57:~5;31

Frroh|/ Wkrpdv I1/ dqg Hgzdug F1 Suhvfrww +4<<8,= _Hfrqrplf Jurzwk dqg Exvlqhvv F|fohv/% lq

Iurqwlhuv ri Exvlqhvv F|foh Uhvhdufk/ hg1 e| Wkrpdv I1 Frroh|1 Sulqfhwrq/ Q1M1= Sulqfhwrq

Xqlyhuvlw| Suhvv/ 4~6;1

Gl{lw/ Dylqdvk N1/ dqg Mrvhsk H1 Vwljolw} +4<::,= _Prqrsrolvwlf Frpshwlwlrq dqg Rswlpxp Surg0

xfw Glyhuvlw|/% Dphulfdq Hfrqrplf Uhylhz/ 9:/ 5<;~63;1

Ilvfkhu/ Vwdqoh| +4<::,= _Orqj0Whup Frqwudfwv/ Udwlrqdo H{shfwdwlrqv/ dqg wkh Rswlpdo Prqh|

Vxsso| Uxoh/% Mrxuqdo ri Srolwlfdo Hfrqrp|/ ;8/ 4<4~5381

Nlpedoo/ Plohv V1 +4<<8,= _Wkh Txdqwlwdwlyh Dqdo|wlfv ri wkh Edvlf Qhrprqhwdulvw Prgho/% Mrxuqdo

ri Prqh|/ Fuhglw/ dqg Edqnlqj/ 5:/ 4574~45::1

Nlqj/ Urehuw J1/ dqg Pdun Z1 Zdwvrq +4<<9,= _Prqh|/ Sulfhv/ Lqwhuhvw Udwhv/ dqg wkh Exvlqhvv

F|foh/% Uhylhz ri Hfrqrplfv dqg Vwdwlvwlfv/ :;/ 68~861

Oxfdv/ Urehuw H1/ Mu1 +4<:5,= _H{shfwdwlrqv dqg wkh Qhxwudolw| ri Prqh|/% Mrxuqdo ri Hfrqrplf

Wkhru|/ 7/ 436~4571

�� +4<;;,= _Prqh| Ghpdqg lq wkh Xqlwhg Vwdwhv= D Txdqwlwdwlyh Uhylhz/% Fduqhjlh0Urfkhvwhu

Frqihuhqfh Vhulhv rq Sxeolf Srolf|/ 5</ 46:~49:1
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�� +4<<3,= _Oltxlglw| dqg Lqwhuhvw Udwhv/% Mrxuqdo ri Hfrqrplf Wkhru|/ 83/ 56:~5971

Oxfdv/ Urehuw H1/ Mu1/ dqg Plfkdho Zrrgirug +4<<6,= _Uhdo H�hfwv ri Prqhwdu| Vkrfnv lq dq

Hfrqrp| Zlwk Vhtxhqwldo Sxufkdvhv/% Zrunlqj Sdshu 7583/ Qdwlrqdo Exuhdx ri Hfrqrplf

Uhvhdufk1

Pdqnlz/ Q1 Juhjru|/ dqg Odzuhqfh K1 Vxpphuv +4<;9,= _Prqh| Ghpdqg dqg wkh H�hfwv ri Ilvfdo

Srolflhv/% Mrxuqdo ri Prqh|/ Fuhglw/ dqg Edqnlqj/ 4;/ 748~75<1

PfJudwwdq/ Hoohq U1 +4<<9,= _Vroylqj wkh Vwrfkdvwlf JurzwkPrgho Zlwk d Ilqlwh Hohphqw Phwkrg/%

Mrxuqdo ri Hfrqrplf G|qdplfv dqg Frqwuro/ 53/ 4<~751

Rkdqldq/ Ohh H1/ dqg Dodq F1 Vwrfnpdq +4<<7,= _Vkruw0Uxq H�hfwv ri Prqh| Zkhq Vrph Sulfhv

Duh Vwlfn|/% Ihghudo Uhvhuyh Edqn ri Ulfkprqg Hfrqrplf Txduwhuo|/ ;3/ 4~561

Skhosv/ Hgpxqg V1/ dqg Mrkq E1 Wd|oru +4<::,= _Vwdelol}lqj Srzhuv ri Prqhwdu| Srolf| Xqghu

Udwlrqdo H{shfwdwlrqv/% Mrxuqdo ri Srolwlfdo Hfrqrp|/ ;8/ 496~4<31

Urwhpehuj/ Mxolr M1 +4<<9,= _Sulfhv/ Rxwsxw/ dqg Krxuv= Dq Hpslulfdo Dqdo|vlv Edvhg rq d Vwlfn|

Sulfh Prgho/% Mrxuqdo ri Prqhwdu| Hfrqrplfv/ 6:/ 838~8661

Vwrfn/ Mdphv K1/ dqg Pdun Z1 Zdwvrq +4<<6,= _D Vlpsoh Hvwlpdwru ri Frlqwhjudwlqj Yhfwruv lq

Kljkhu Rughu Lqwhjudwhg V|vwhpv/% Hfrqrphwulfd/ 94/ :;6~;531

Wd|oru/ Mrkq E1 +4<;3,= _Djjuhjdwh G|qdplfv dqg Vwdjjhuhg Frqwudfwv/% Mrxuqdo ri Srolwlfdo

Hfrqrp|/ ;;/ 4~561

Zrrgirug/ Plfkdho +4<<9,= _Frqwuro ri wkh Sxeolf Ghew= D Uhtxluhphqw iru Sulfh Vwdelolw|B%

Zrunlqj Sdshu 89;7/ Qdwlrqdo Exuhdx ri Hfrqrplf Uhvhdufk1

\xq/ Wdfn +4<<9,= _Qrplqdo Sulfh Uljlglw|/ Prqh| Vxsso| Hqgrjhqhlw|/ dqg Exvlqhvv F|fohv/%

Mrxuqdo ri Prqhwdu| Hfrqrplfv/ 6:/ 678~6:31
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�Zh wkdqn Vxvdqwr Edvx/ Plohv Nlpedoo/ Mxolr Urwhpehuj/ Plfkdho Zrrgirug/ dqg hvshfldoo|

Qdqf| Vwrnh| iru khosixo frpphqwv1 Fkdul wkdqnv wkh QVI iru �qdqfldo vxssruw1 Nhkrh wkdqnv wkh

QVI dqg wkh Urqdog V1 Odxghu Irxqgdwlrq iru �qdqfldo vxssruw1 Pdwhuldov uhodwhg wr wklv sdshu

duh dydlodeoh dw kwws=22plqqhdsrolvihg1ruj2uhvhdufk2vu2vu54:1kwpo1 Wkh ylhzv h{suhvvhg khuhlq duh

wkrvh ri wkh dxwkruv dqg qrw qhfhvvdulo| wkrvh ri wkh Ihghudo Uhvhuyh Edqn ri Plqqhdsrolv ru wkh

Ihghudo Uhvhuyh V|vwhp1

2Rxu vhwxs gudzv rq vrph ri wkh zrun rq hduolhu jhqhudo htxloleulxp vwlfn| sulfh prghov/

lqfoxglqj/ iru h{dpsoh/ Eodqfkdug dqg Nl|rwdnl +4<;:, dqg Edoo dqg Urphu +4<;</ 4<<3,1 Rxu

zrun lv dovr forvho| frqqhfwhg wr vrph uhfhqw zrun hpehgglqj vwlfn| sulfhv lq exvlqhvv f|foh prghov>

vhh Rkdqldq dqg Vwrfnpdq +4<<7,/ Fkr dqg Frroh| +4<<8,/ Nlqj dqg Zdwvrq +4<<9,/ Urwhpehuj

+4<<9,/ Zrrgirug +4<<9,/ dqg \xq +4<<9,1 Iru d voljkwo| gl�huhqw dssurdfk xvlqj �{hg frvwv/ vhh

Fdsolq dqg Vsxoehu +4<;:, dqg Fdsolq dqg Ohdk| +4<<4,1

�Wr fdofxodwh wkh frqwudfw pxowlsolhu iru rxu hfrqrplhv lq zklfk rxwsxw lv phdvxuhg dw glvfuhwh

lqwhuydov/ zh qhhg d phdvxuh ri wkh kdoi0olih ri rxwsxw iru vxfk hfrqrplhv1 Zh fdofxodwh wkh kdoi0

olih e| �qglqj wkh �uvw gdwh dw zklfk rxwsxw lv orzhu wkdq kdoi lwv lpsdfw ydoxh dqg wkhq olqhduo|

lqwhusrodwh rxwsxw ehwzhhq wklv gdwh dqg wkh suhylrxv gdwh1
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FIGURE 1.Sensitivity analysis for thebenchmark economy.

D. Demand Elasticity (ε=1/(1−θ))

C
on

tr
ac

tM
ul

tip
lie

r

0 100 200 300
0

0.5

1

1.5

2

B. Capital Share (α)
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A. Interest Elasticity of Money Demand (η)

C
on

tr
ac

tM
ul

tip
lie

r

0 0.1 0.2 0.3 0.4 0.5
0

0.5

1

1.5

2

C. Risk Aversion (σ)
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FIGURE 2.Sensitivity analysis for two economies.

A. Demand Curvature (χ), Convex Demand Economy
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B. Fixed Factor’s Shareof Income(1−α1−α2), Specific Factors Economy

C
on

tr
ac

tM
ul

tip
lie

r

0 0.1 0.2 0.3 0.4 0.5
0

0.5

1

1.5

2

C. Demand Elasticity (ε), Convex Demand Economy
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D. Demand Elasticity (ε), Specific Factors Economy
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