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1 Introduction

The purpose of this paper is to determine the optimal inflation tax in mone-
tary general equilibrium models where money is dominated in rate of return,
i.e. where the issue of the optimal inflation tax is the one of determining
a nominal interest rate. This is the issue addressed by Friedman (1969).
Friedman (1969) proposes a monetary policy rule that generates a nominal
interest rate equal to zero, corresponding to a zero inflation tax, and to a
negative rate of inflation. His approach is first best partial equilibrium.

We are interested in the more relevant second best results, i.e. when the
government must finance government expenditures without having access to
lump-sum taxation. Here, the literature is inconsistent, particularly across
different monetary environments. The key inconsistency, that will be our
main focus here, is that while in models that explicitly specify transactions
technologies, the Friedman rule is a general result, in models with money in
the utility function the traditional Phelps (1973) result of an optimal positive
inflation tax is still the doctrine. We clarify the issues involved and surpris-
ingly find that the Friedman rule is, in fact, the optimal policy. This result
is important in that it translates into a very clean policy recommendation,
independent of the parameterization of the economy.

The class of general equilibrium models that incorporate the feature of
dominance in rate of return, and where we perform the welfare analysis, are
designed in a somehow ad-hoc fashion!. Where this is more clearly so is
in models where the preferences depend on the real quantity of money, as
proposed by Sidrauski (1967) and Brock (1975). The fact that the use of
money for transactions is not explicit in these models lead Clower (1967) to
propose a cash-in-advance restriction. Lucas (1980) and Lucas and Stokey
(1983) used this approach in a general equilibrium framework. A more com-

'In contrast, models where the purpose is to generate an equilibrium positive price for
fiat money are more fundamentally specified. The seminal papers are Samuelson (1958),
Grandmont and Younes (1973), Bewley (1980), Townsend (1980) and Kyiotaki and Wright
(1989). In these models, the perfect substitutability between money and bonds implies a
zero nominal interest rate, and the policy issue is the determination of the real interest
rate.



plete transactions technology where it is assumed that time is substitutable
for the use of money was addressed by McCallum (1983), Kimbrough (1986)
and also McCallum and Goodfriend (1987).

Two major second best taxation sets of rules in the public finance liter-
ature have been used to justify the optimal inflation tax results: Diamond
and Mirrlees (1971) optimal taxation rules of intermediate goods and Ram-
sey (1927) taxation rules of final goods, further developed by Atkinson and
Stiglitz (1972). The Diamond and Mirrlees (1971) optimal taxation rules,
derived for the case of constant returns to scale production functions, are the
basis for the results in the literature of monetary models with transactions
technologies?. In Correia and Teles (1996) we show that the Friedman rule
is the optimal solution in these monetary models for all homogeneous trans-
action costs functions. We also show that the interpretation of this result is
not a direct extension of Diamond and Mirrlees theorem but is related to the
free good characteristic of money and to the special structure of production
and taxation implied in this class of models.

Atkinson and Stiglitz (1972) established that it is optimal not to distort
the relative prices between consumption of different goods when the pref-
erences are separable in leisure and homothetic in the consumption goods.
These rules were applied to cash-credit goods economies by Lucas and Stokey
(1983) and Chari, Christiano and Kehoe (1996). There, the inflation tax
translates into discriminated effective taxes on credit and cash goods. The
Friedman rule is optimal under the Atkinson and Stiglitz (1972) conditions
for uniform taxation.

The Ramsey (1927) rules were also used to explain the results in models
with money in the utility function. In this class of models, the general
impression is that, as pointed out by Woodford (1990),”...either the Phelps
or the anti Phelps result is possible depending upon details of specification”.
Phelps (1973) uses a money in the utility function model with exogenous
factor prices and concludes that ”...the optimal inflation tax is positive”.
Chamley (1985) aims at generalizing his results to a general equilibrium
model and concludes that the Friedman rule is the optimum only in the
first best case. Siegel (1978) stresses the costless nature of liquidity services
but concludes that this characteristic does not affect the result of a strictly

2See Kimbrough (1986), Guidotti and Végh(1993) and Chari, Christiano and Kehoe
(1996)



positive tax on those services. Drazen (1979) states that the distinction of
costly and costless to produce goods is important in the determination of the
second best solution. Nevertheless he concludes that ”...it appears difficult
to say even whether the optimal inflation rate will be positive or negative”.
These results are disturbing because they are not consistent with the general
optimality result of the Friedman rule in transactions technology models.

It turns out that the generalized use of the Ramsey (1927) rules to justify
Phelps result is misleading and explains the ambiguity and the apparent
inconsistency in the results in the different monetary environments. The
rules on optimal taxation of final goods apply to ad-valorem taxes on costly
goods. In general, the optimal ad-valorem consumption taxes are strictly
positive. Since the goods are costly, the corresponding unit taxes are also
strictly positive. But money is assumed to have a negligible production cost.
If this is the case, then the only tax that can generate positive revenue is
a unit tax and in any case the nominal interest rate is by construction a
unit tax. The general result that the ad-valorem tax rate on real balances
is strictly positive, can translate in the limit, when the costs of producing
money are made arbitrarily small, into an optimal zero nominal interest rate.
This is the basic intuition for why the Friedman rule is a general result.

Another reason for the apparent inconsistency in the optimal inflation
tax results is that the approach to the second best problem is not uniform.
Some authors impose conditions of stationarity on the second best problem.
In this third best solution the Friedman rule is never the optimal solution.

The clarification of these puzzles and the specification of the conditions
under which the Friedman rule is optimal is the aim of this paper. We take
into account mainly (i) the free good characteristic of real balances, (i7)
the fact that models with money in the utility function are reduced forms of
more explicit monetary models and (i7i) the Ramsey problem is unrestricted.
We extend the results for money in the utility function models obtained by
Chari, Christiano and Kehoe (1996) and establish the links between the
results obtained in the different types of monetary models. In particular, we
relate the results in a money in the utility function model to the ones for
transactions technology models obtained by Correia and Teles (1996).

The optimal rules in the money in the utility function model are derived
in section 2. In section 3, we show that the Friedman rule is a general result
by establishing an equivalence between the money in utility function models
and the underlying transactions technologies. In section 4 we provide the
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main intuition for the results. In section 5 we compare the results to the
ones in models with credit goods. In section 6 we discuss the robustness
of results to alternative specifications of the available taxes and alternative
timing structures. Section 7 contains the conclusions.

2 Money in the utility function

We use the general equilibrium model of a monetary economy developed by
Sidrauski (1967) and later used by Brock (1975), Woodford (1990) and Chari,
Christiano and Kehoe (1996) to discuss the optimality of the Friedman rule
in a first best and a second best environments. The economy is populated
by a large number of identical infinitely lived households, with preferences
given by

> 0V (e o) &
t=0 t
where ¢;, M;, P, and h; represent respectively consumption in period ¢, money
balances held from period ¢ to period t+ 1, the price of the consumption good
in units of money in period ¢, and leisure in period ¢. The utility function
shares the usual assumptions of concavity and differentiability. It is increas-
ing in %t, as long as % < m*(¢q, hy) and non increasing for % > m*(cy, hy).
m* (¢, hy) is the satiation function that represents the ”satiation level”, that
is the point where ”cash balances ... are held to satiety, so that the real
return from an extra dollar is zero” (Friedman (1969)). The characterization
of this function m*(¢, hy) is crucial for the determination of ”the optimum
quantity of money”, as will be shown in the next section. Although Friedman
(1969) does not fully characterize this point, the examples he presents imply
that the point of satiation is finite. Phelps (1973) also assumes that there is
" full liquidity” or ”liquidity satiation” when the nominal interest rate is not
strictly positive and the demand for real balances is finite. The discussion in
Brock (1975), on the optimum quantity of money, is also for a finite satia-
tion level. The technology of production of the private good and the public
consumption good is linear with unitary coefficients.

The representative household (that implicitly solves the problem of the
firm) chooses, a sequence {c;, ht, My, B;},- ), given a sequence of prices and in-
come taxes, {P;, i, Tt } oo and initial conditions for Wo = M_; +(1+i_)B_4,



to satisfy a sequence of budget constraints:

Pey+ M +Biy <(1—1)P(1—h) + M+ (1+4)B, ,t>0

(2)
Mo + BO < Wo

together with a no- Ponzi games condition. B; is the number of bonds held
from period t to period ¢t + 1, and 7; is the nominal return on these bonds.
1 — hy is the labor supply.

The set of budget constraints can be written as a unique intertemporal
budget constraint:

S QP+ S Qi < S QP - )1 —h)+ Wy (3)
t=0 t=0 t=0

where W() = M_1 + (1 + i—l)B—l and Qt = Wl(l—f—u)

The competitive equilibrium is such that:

Ve(t) R 27
— = (1+ ,t>0 4
a+n TR Y
(1 - Tt)‘/:ft = Vht ’ 13 Z 0 (5)
Vie =4Ve, , 1 >0 (6)
and the resources constraint is
Ct+gt:1—ht,t20 (7)

where g, is the level of public spending in period ¢t. We assume that g; is
constant, g, = g.

The first best policy in this economy is given by the maximization of
(1) subject to the resources constraint (7). In this solution V., = V}, and
Vi, = 0, t > 0. If the government could collect lump-sum taxes, it would be
possible to decentralize this solution by setting a constant nominal interest
rate equal to zero. It is clear that the Friedman rule is optimal simply because
real balances are a free good, in the sense that they do not require resources
to be produced. Since the social marginal costs of money are equal to zero,
then the level of money balances that characterizes the first best is m*, i. e.
the level for which marginal utility is zero. The solution can be decentralized
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by setting the private marginal cost of holding real balances identical to zero,
i.e. a zero nominal interest rate.

The optimal policy problem is more interesting when the government
cannot levy lump-sum taxes. To determine the second best, Ramsey, solution
we construct the implementability constraint, substituting (4), (5) and (6)
into the intertemporal budget constraint (3 ):

> B (Veyer = Vi (1= o)) + > B'Vinmu = (Ve + Vi, u (8)
=0 =0 I
The solution of the maximization of (1) subject to the implementability
constraint (8) and the resources constraint (7 ), and given the initial nominal
wealth, Wy, is the following: Fj is set at an arbitrarily large number and the
first order conditions for {c;, by, m:},o, are as follows:

ﬁt‘/q + ﬁtw [‘/Ct + ‘/CtCtCt - Vhtct<1 - ht) + thctmt] = )‘t ) t Z 0 (9)
BV, + 8% Vi, + Venct — Vin, (1 = By) + Vignyme) = N, £ >0 (10)

6tvmt + ﬁt1/} [th + ‘/ctmtct - Vhtmt(]- - ht) + thmtmt] - 0 Y t Z O (11)

where 1 is the shadow price of the implementability constraint, i.e. it mea-
sures the marginal excess burden of government deficits in this second best
world. \; measures the shadow price of resources.

This second best allocation can be decentralized using the instruments
iy and 7, t > 0. Given (6), the discussion of whether the Friedman rule is
optimal in this environment is equivalent to the discussion of whether V,,, is
zero, for ¢ > 0. Conditions (9)-(11), together with the resources constraint
(7) and the implementability constraint (8) define the stationary solution for
¢ty hey my, 1, and A/, for t > 0. From the competitive equilibrium condition
Vi, = 1 V,,, the solution for the nominal interest rate is stationary. If the
Friedman rule holds, it holds for every period. So the issue is whether, for
t >0, V,, =V, =0, is a solution of the system of equations.



Because money is a free good, as is clear from the resources constraint (7),
the multiplier of the resources constraint does not show up in condition (11).
In this second best solution the social marginal benefit of using money, for
the households, is equal to the marginal ”excess burden”, i.e. the marginal
cost due to the fact that a change in m affects the budget constraint of the
government?. This can be seen by rewriting (11) as:

th - _1/) [th + ‘/Ctmtct - Vhtmt(l - ht) + thmfmt]

Given that at the optimum, ¢) > 0, the relevant issue is the determination of
the sign of the term in parenthesis, i.e. the impact on government revenue
of an increase in m, holding the quantities of the other goods constant. An
increase in m corresponds to a decrease in the nominal interest rate and has a
negative impact on the revenue from seigniorage, V,,m. So V,,+ V,uum < 0.
The sign of the expression depends then on the cross derivatives. Suppose
Ve < 0 and Vj,,, > 0. In this case, the expression would be negative meaning
that an increase in m has a negative effect on total government revenue.
This means that the marginal "excess burden” would be strictly positive.
The implication is that the Friedman rule would not be optimal. This is an
example of the general properties that are typically discussed in the literature.

However, it is possible that the marginal excess burden of real balances
is zero at the optimum. As we will argue in the next section this is indeed
the more reasonable scenario, contrary to the assumptions typically made in
the literature. To that end, we interpret models with money in the utility
function as reduced forms of environments with a transactions role for money.

Since leisure is not a cash good, we will assume that the satiation point
in real balances is a function of consumption only, m*(¢). This assumption
will be completely justified in the next section. The following proposition
states the main result in the paper:

Proposition 1:

In models with money in the utility function the Friedman rule is the
optimal policy when the satiation point in real balances is such that
m* = oo or m* = kc, where £k is a positive constant.

3The implementability constraint was constructed using the budget constraint of the
households, but an equivalent constraint can be obtained using the government budget con-
straint. The marginal effect on the implementability condition corresponds to a symmetric
marginal effect on the condition expressed in terms of the government budget constraint.
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Proof. We verify whether equation (11) is satisfied when V,, = 0. m* was
assumed to be a function of ¢ only, therefore at the satiation point Vj,, = 0.
When m* = oo, must have V,,,(c,m*) = 0 and V,.(c,m*) = 0. We
assume that, when V,,, = 0, the inflation tax revenue, V,,,m, is zero. Therefore
lim,, oo @ =0, or limy, oo (Vi + Viumm) = 0. Then m* = oo verifies
the equationwf
When the satiation point in real balances is finite, we find from V,,(m*, ¢) =

0, that
Vem(c, m*) dm*

Viem(c,m*) — de

So, expression (11) evaluated at the satiation point in real balances can
be written as

Vor(esm®) [1+ ] = — Vo (c, m*)m? l1 _dm” e ]

de m*

where V,,(¢,m*) = 0.

When m* = kc, we have that 2= = = 1 and 50, Vo (c, m*)c+ Vi (¢, m*)m* =
0. Therefore m = kc also satisfies the Ramsey first order condition, (11) B

The elasticity of the satiation function, m*(c), can also be either strictly
bigger or smaller than one. In either case the Friedman rule is not optimal,
unless it is a corner solution, which can be the case when the elasticity is
higher than one. In the next section we use a theoretical argument to show
that these two cases of preference specifications are not the relevant ones. In
any case we now provide a numerical argument in favor of the Friedman rule
as a very close approximation to the optimal inflation tax.

When the elasticity is higher than one, V., (¢, m*)c+Vipm (¢, m*)m* > 0. If
we assume that the marginal benefit of real balances is always non-negative,
then for all the preference specifications that we have used, the optimal
allocation is V;,, = 0, corresponding to the Friedman rule.

We have performed a numerical analysis of a particular preferences spec-
ification when the elasticity of the satiation function is strictly lower than
one, specifically for the limit case, when the elasticity of m* is equal to zero.
The results are depicted in Figures 1, 2, 3 and 4. The calibration is done
using as border line cases, the example in Calvo and Guidotti (1993) and

in Lucas (1994). The instantaneous utility functions are additively sepa-
rable U = ¢, + H(h;) + v'(my), where H(h;) = hy — £(h)? and i = 1,2.



We consider two possible v* functions: v'(m;) = my(B — DIn(m;) and
vi(my) = —A {m% + %ﬂ A, B, D, E and k are parameters, and k repre-
sents the constant satiation level in real balances. Government expenditures
are set ¢ = .15. The first utility function, v!, is initially calibrated with
the numbers provided by Calvo and Guidotti (1993), B = —.65, D = .5,
E = 1. Figure 1 shows the resulting welfare cost of the inflation tax, in
units of consumption, as well as the corresponding equilibrium schedule for
the ratio of real balances to income, as a function of the nominal interest
rate. The US line is the log-linear M1 to NN P schedule estimated by Lucas
(1994) to US data (elasticity is .5). The optimal nominal interest rate is
large, around 10%, but notice that the calibrated money-income ratio and
interest rate schedule is not consistent with the US data. Figure 2 shows the
same curves for a different calibration, that fits better the US money demand
schedule: B = —.046, D = .1429. The semi-elasticity is now 7. The optimal
nominal interest rate is considerably smaller. Figures 3 and 4 represent still
the same two curves, for the second preferences specification, v?. With this
utility function, in the limit, for an arbitrarily large k, the real balances to
consumption ratio, as a function of the nominal interest rate, is a log-linear
schedule. For k& = 1, the optimal nominal interest rate is smaller than .1%
(Figure 3). Figure 4 shows the optimal nominal interest rate when k = .4,
generating levels of velocity at the satiation point that have been observed
for considerably higher nominal interest rates. The optimal nominal interest
rate is less than 1%. The conclusion is that for reasonable levels of k, the
Friedman rule is a very good approximation to the optimum. So, we conclude
with the following result:

Result 1:

When Proposition 1 does not apply, the optimal inflation tax is very
close to the Friedman rule.

In summary we have shown in this section that the first best and the sec-
ond best optimal inflation tax rules coincide, when the satiation point in real
balances is infinite or when it is characterized by an unitary elasticity with
respect to consumption. The reason being that in those cases the increase in
real balances has a zero effect on government revenues at the satiation point
and consequently the marginal costs are equal to zero in both problems. In
the next section we go beyond the reduced form of the money in the utility
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function models to inquire, first, how these local properties can be justified,
second, whether it can be argued that the case of the unitary elasticity of
real balances at the satiation point is the relevant case.

3 Monetary models with transactions tech-
nologies

In this section we show that if the money in the utility function models are
seen as reduced forms of transactions technologies monetary models, then the
preference specifications must be restricted and the Friedman rule is optimal
under general conditions.

Feenstra (1986) shows that it is possible to establish an equivalence be-
tween a monetary model with a transactions technology, where the prefer-
ences depend only on consumption net of transactions costs, and a model
with money in the utility function. He establishes a correspondence between
the set of assumptions characterizing the transactions technology and the
assumptions on the utility function expressed as a function of real balances.
Here we extend Feenstra’s (1986) results to a world where the original pref-

erences are defined over consumption and leisure, Ziozo BtU (¢i, hY), and the
transaction costs are measured in units of time. The transactions costs func-
tion is represented by s = [(m, c), where s is the time spent in transactions.
This is the type of shopping time specification of McCallum (1983)*.

The maximization problem is as follows:

Problem 1: Choose {c¢;, My, By, h, s}, to maximize

3B (e hY)

t=0

subject to

PtCt +Mt+]_ +Bt+1 S (1 — Tt)Ptnt +Mt + (1 ‘I—'lt)Bt 5 t 2 0

4McCallum (1990) constructs (footnote 7) the indirect utility function associated with
his type of shopping time costs. However he doesn’t derive the properties of this utility
function.
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S¢ = Z<Ct7mt)
1= hg + Ny + St
and M() + BO S W().

The transactions technology is characterized by the following assumption:
Assumption 1:

The transactions costs function s = [(m, ¢) has the following properties:
a) s >0,1(m,0)=0,

b)l.>0.

€) lee >0, lpym >0

d) lm(m,c) = 0 defines m = m(c). l,,, < 0 when m < m.

e) | is restricted to assure that Problem 1 is a concave problem.

The following are two first order conditions of Problem 1:

U1
— L.(t),t >0
Uhu(t) 1—Tt+ ()
() = — i, >0
m _1_7_t2t7 el

The optimal choice of m is such that the private agents choose the point
where the private value of using money, —I,,(1—7), is equal to its opportunity
cost, 2. The implementation of the Friedman rule, ¢ = 0, implies that [,, = 0.

We call the private problem defined in the last section, Problem 2. The
assumptions for the utility function V'(¢;, my, hy) are:

Assumption 2:
The utility function V (¢, my, hy) satisfies the following conditions:
a)hmmﬁoo V(Ct, my, ht) < 0

b)V is concave and so, V.. <0, V;, <0
¢) Vin(e,m, h) = 0 defines m = m*(c), V,,, > 0 when m < m*.

The following proposition states the equivalence between the two models.

12



Proposition 2:

Given a monetary model with an explicit transactions costs function
(Problem 1), it is possible to construct an equivalent model with money
in the utility function (Problem 2), where h; = h¥ + I(ct, my) and U(c, hy —
leemy)) = Ve, my, he). If Assumption 1 is satisfied in Problem 1, then
Assumption 2 is satisfied in Problem 2 and the functions m = m*.

Proof.
The equivalence is for a given pair of functions (U,l). The solution

of Problem 1 is the vector (E, m, l/ﬁ) Then there is a function V' such

that (¢, m, h = hu — l(c, ﬁ)) solves Problem 2.
The equivalence between the assumptions characterizing the two func-
tions is granted by:
Vin = —Upul,, > 0 when m < m* (since [,,, < 0 when m < m*) and
Vin=0<—=1,=0<—m=m"
Vie = Uee — 21Uy + 2Upupu — leeUpu < 0 (from concavity of Problem 1)
Vi = —Upulym + 12, Upupe < 0
Therefore Assumption 1 implies Assumption 2. B

As we discussed in the last section the determination of whether the
Friedman rule is optimal or not in a money in the utility function model
depends crucially on the functional form of the function m*(c, h), the func-
tion defined by setting the marginal utility of money equal to zero. By the
equivalence result we verify that the properties of this function are identical
to the properties of the function defined by [,,, = 0. From this, it results that:

1) We can justify the hypothesis made in the last section that leisure is not
an argument of the function m*.

2) When [,, < 0, then V;,, > 0. The marginal utility of money is non-
negative. This is relevant for the numerical exercises when the elasticity
of the satiation function is higher than one.

3) When the transactions costs function is homogeneous of degree g, [, is
homogeneous of degree ¢ — 1 and can be represented by

= L(m/c)c?™t (12)
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and, at the point I, = 0, L(m/c) = 0 defines m = m* = kc.

In monetary models with explicit transactions technologies, the first or-
der conditions of the second best problem imply that [,, = 0°. This solution
can be decentralized through a zero nominal interest rate and so the Fried-
man rule is optimal. These are the main conclusions of Correia and Teles
(1996), where it is shown that the Friedman rule is the Ramsey solution
in a transactions costs monetary model with homogeneous transaction costs
function.

Homogeneous transactions costs function correspond to the case described
in section 2, where the function m* has unitary elasticity and the Friedman
rule is always optimal.

4) When the transactions costs function, s = I(c,m), is associated with
a transactions production function ¢ = f(s,m) which verifies Inada
conditions, [, = 0 is equivalent to m* = oo. In this case at the point
l,, = 0, we have l,,,, = . = 0. Again the marginal condition of the
second best problem is satisfied for [,,, = 0, that is the Friedman rule is
optimal. This corresponds to case of m* = 0o, described in section 2.

5) The case of elasticity of m* lower or greater than one corresponds to
the case of non-homogeneous transactions costs functions. We do not
know of any work where it is argued on theoretical or empirical grounds
that the transactions costs function ought to be non homogeneous. At
the theoretical level the micro-foundations of this function are obtained
from Baumol (1952) and Tobin (1956), from the generalization of Barro
(1976), from Guidotti (1989) or from Jovanovic (1982). All these forms
are homogeneous of degree zero. In Marshall (1992) the proposed and
estimated transactions costs function is homogeneous of degree one.
Braun (1994) estimates the degree of homogeneity of the transaction
cost function to be .98.

In summary we can conclude that once the equivalence between money
in the utility function models and explicit transactions technologies models
is established, the local properties used in section 2 to derive the optimality
of the Friedman rule are associated with global properties of the transactions

Correia and Teles (1995) show that this is a global maximum.
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costs functions. Besides, for reasonable functional forms of transactions costs
functions, the Friedman rule is optimal®.

4 Money is a free good

In section 2, we show that the Friedman rule is optimal when there is no effect
on government revenues of changing real balances, from the full liquidity
level. The arguments for the second best taxation rules of final goods in the
public finance literature are different from these. There, the optimal taxes on
different goods depend on the comparison of the respective marginal effects
on government revenues. In particular, for it to be optimal not to tax final
goods, when the alternative choice is an income tax, the marginal effect on
government net revenues of a change of one unit of labor used to produce
any of the goods should be equal. Atkinson and Stiglitz (1972) derived the
conditions under which this is the optimal rule.

Our results show that the conditions on preferences to obtain the optimal-
ity of the Friedman rule are more general than the ones derived in Atkinson
and Stiglitz (1972) and therefore extend the result in Chari, Christiano and
Kehoe (1996), that identified those conditions as sufficient conditions for the
optimality of the Friedman rule”. The homotheticity and separability con-
ditions of Atkinson and Stiglitz (1972) correspond to utility functions where
the marginal rate of substitution between consumption and real balances de-
pends only on the ratio of these two variables. This is one example of the
conditions in Proposition 1. The conditions in Proposition 1 are much less
restrictive though, since they must hold only in the neighborhood of ¢ = 0.

We now show how the very appealing argument of the distribution of
distortions among different goods in the economy can be reconciled with the

6The introduction of capital will not alter that result. Suppose that the transactions
costs function is defined as before. The introduction of capital as an input in the production
of the consumption good has no consequence in the Ramsey solution that defines the
optimal choice of m. The main difference is that now the marginal utility of labor is
not constant and depends on the level of the stock of capital. The Ramsey solution will
have a transitional period but l,,, = 0, and consequently V,,, = 0, characterizes also that
transition. If the transactions costs function is modified in a way that capital is also an
input in the production of transactions the results are maintained once we impose that
the transaction costs function is homogeneous in consumption, real balances and capital.

7As they point out, the condition is not necessary.
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zero inflation tax result derived for monetary economies.

What distinguishes money from any other consumption good is the fact
that an additional unit of real money does not require relevant marginal
resources. We think that this is the right way of describing fiat money. In
the following exercise we analyze how the taxation rules are affected when the
cost of producing a good m becomes arbitrarily small. Consider a stationary
real economy corresponding to the monetary economy we have studied, but
for the fact that m is now a consumption good that is produced with « units
of time, which implies that the price of m in units of the other consumption
good ¢, is a. The ad-valorem tax on m is 7. The budget constraint of the
households is written as:

c+a(l+7")m=(1—-7)(1—h)

Notice that the equivalent unit tax would be 7™ = ar™ (The corresponding
equation in the monetary economy is ¢ +im = (1 — 7)(1 — h)).

According to the optimal taxation rules derived for the monetary economy
(so, for the case where a goes to zero), when the impact of a marginal increase
in m on government revenues is not zero, then the optimal unit tax can
be positive. This corresponds to an optimal ad-valorem tax that becomes
arbitrarily large as the cost of producing m is made arbitrarily small.

In the real economy with ad-valorem taxation, the optimal taxation rules
of Ramsey (1927) and Atkinson and Stiglitz (1972) apply. Atkinson and
Stiglitz (1972) derive necessary and sufficient conditions for optimality of
uniform taxation of consumption goods. When the preferences are homo-
thetic in ¢ and m and separable in leisure, then a tax on labor income and a
zero ad-valorem tax on both ¢ and m decentralizes the second best, Ramsey,
solution. This corresponds to 7 = 0. The unit tax is always equal to zero.
Now suppose the alternative tax is a tax on ¢, 7¢. The budget constraint is
written as

(1+7) c+a(l+m)m=1—h

The second best solution is 7 = 7¢. The corresponding limiting unit tax on
m, T, as a converges to zero, is zero. This same result applies as long as the
optimal ad-valorem tax converges to a finite number. This holds whenever,
according to the rules derived for the monetary economy, the marginal impact
of m on the government revenue, at the satiation point in real balances, is
equal to zero.
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There is a sense in which the application of the conditions of Atkinson
and Stiglitz (1972) to this problem is misleading. Chari, Christiano and
Kehoe (1996) compute the optimal mix between the inflation tax and the
income tax, rather than the consumption tax. If the fiscal instrument is
an income tax, under the conditions of uniform taxation, it is not optimal
to use consumption taxes to distort the consumption of the different goods.
That way, a zero inflation tax could apparently mean that consumption and
real balances were not being distorted. But that is clearly not the case,
consumption is taxed and real balances are not taxed at all.

5 Credit goods

In this section we compare the results in the money in the utility function
model with the results in models with credit goods. It is well known that it
is possible to establish an equivalence between the two models, by replacing
in the money in the utility function model, total consumption for the sum of
the consumptions of the two goods and the real balances for the consumption
of the cash good. A condition that ensures that real balances are bigger than
total consumption guarantees non-negativity of consumption of the credit
good.

Chari, Christiano and Kehoe (1996) identify as the necessary and suffi-
cient condition for optimality of the Friedman rule in the cash-credit goods
model, the conditions of homotheticity in the two goods and separability in
leisure. The explanation for this result is simple. Suppose that real money
was costly to produce and consider the typical structure in a cash-credit
goods model, where consumption of the cash good requires time and real
money in fixed proportions. The production functions of the two goods and
of real money are linear. Then, a positive tax on money would not distort
the production of the consumption good, due to the Leontieff structure, but
would distort the relative consumption of the two goods. When the utility
function is homothetic in the consumption of the two goods and separable
in leisure it is clearly optimal to set the tax on real balances (ad-valorem or
unit) to zero. If the utility function is not homothetic in the two goods, then
the inflation tax could be used as a means of achieving the optimal distortion
in the two goods®.

8If the transactions technology allowed for substitutability between real balances and
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Separability in leisure and homotheticity in the cash and credit goods
imply separability in leisure and homotheticity in real balances and total
consumption in the equivalent money in the utility function model. These
conditions imply that the conditions in Proposition 1 are met. Separability
in leisure is guaranteed by the assumption that the satiation level of real
balances does not depend on leisure. Given the constraint that total con-
sumption must be higher than real balances, the real balances-consumption
elasticity at the satiation point must be one.

6 Alternative Taxes and welfare criteria

In sections 2 and 3 we have constructed a second best environment assuming
that there were two alternative taxes, an inflation tax and a tax on labor
income. For the purpose of checking the robustness of the results, in this
section we discuss the implications of considering a consumption tax instead
of the labor income tax. In addition we will assess the implications of consid-
ering alternative timing conventions and welfare criteria in the specification
of the second best problem.

6.1 Consumption taxes

When the level of transactions is measured by consumption net of taxes, the
tax on consumption, 7., does not affect the transactions costs function, i.
e. s = l(c,m). In this case the indirect utility function V' (¢, m,h), associ-
ated with the pair (U, 1) is the same as described in section 3. The second
best formulation in terms of the primal approach and the optimal allocation
are independent of the type of instruments available for its decentralization,
provided the number of instruments is enough to decentralize the Ramsey
solution.

When the alternative tax is a tax on labor income, 7;, the private first
order conditions are (5) and (6). When the alternative tax is a consumption
tax, 7., these conditions are replaced by

time, then the distortion of the consumption of the two goods, would also imply a distortion
in production. Clearly, in this case, it would be preferable to discriminate between the
consumption taxes on the two goods.
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The optimal allocation V,,,; = 0, t > 1, can be decentralized in both cases
with 4, = 0, ¢ > 0. So the conditions under which the Friedman rule applies
are the same whether the alternative tax is a tax on labor income or a tax
on consumption. The Friedman rule is still the optimal inflation tax rule,
when the alternative tax is a consumption tax. To conclude, the irrelevance
result of the alternative tax in money in the utility function models is ex-
tended to models of explicit transaction costs functions, given the equivalence
established in section 3.

A number of authors claim that the introduction of a consumption tax
should modify the transactions costs function, in the sense that the amount
of transactions ought to be measured by consumption gross of taxes: s =
l(e¢(1+7.),m). This introduces some changes. Adopting the same procedure
as in section 3, it is clear that the pair (U, 1) is equivalent to a utility function
V' such that:

U(e,h—1(c(1+7.),m)) =V (e,m,h,(1+1.))

Now preferences depend on the tax parameter 7.. Under this formulation
the Friedman rule is optimal when m* = oco. It is also optimal when the
elasticity of m* (¢(1 4 7)) is unitary, if in addition we impose that, at the
satiation point, the underlying technology is characterized by [.,, = 0.

6.2 Alternative timing conventions and welfare crite-
ria

It is a standard view (See Woodford (1990), p. 1092) that alternative timing

conventions in the decisions of the private agents affect the result of opti-

mality of the Friedman rule. In the previous sections, the private agents are
assumed to choose financial assets, in each time period, so that the resulting
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money balances can be used for transactions that same period. This is the
timing assumed in Lucas (1982) and Lucas and Stokey (1983)°.

Alternatively, Woodford (1990) assumes, in line with Svensson (1985)1,
that the money balances that can be used in any one period are decided the
period before. The implication of this timing is that there are real effects
of unanticipated monetary shocks. In the beginning of time, period zero,
the agents cannot adjust the portfolios and therefore it is no longer optimal,
for the benevolent government to completely deplete the real value of out-
standing monetary balances. The allocation is stationary from period one
on, but in period zero the levels of the variables are, in general, different
from the corresponding stationary levels. The stationary optimal allocation
from period one on corresponds to the Friedman rule. Woodford (1990), for
the sake of tractability, and Braun (1994) and Lucas (1995), propose a third
best solution concept: the maximization of welfare restricted to the solution
being stationary, i. e. the problem is restricted so that the allocation in
period zero is the same as from period one on.

When the stationarity restriction is imposed the government faces a trade-
off between the low level of initial real balances and the high steady state
level. It is intuitive that from this trade off results a stationary level of real
balances higher than the initial optimal level of the Ramsey solution and
lower than the high steady state level of the same solution. The solution is
characterized by less than full liquidity and a strictly positive nominal rate
of interest.

Lucas (1994) has computed numerically the optimal policy in a transac-
tions technology model, using this criterium. He concludes that the optimal
nominal interest rate, although strictly positive, is very close to zero.

9Asset markets open in the beginning of period, so that money balances used for
transactions in any period are beginning of period balances. Kimbrough (1986) and others
assume that end of period money balances are used for transactions that same period.

10A discussion of the positive implications of the two timing conventions in a cash-in-
advance model is presented in Giovannini and Labadie (1991). Nicolini (1993) discusses
time inconsistency in a cash-in-advance model with the two alternative timing conventions.

20



7 Concluding remarks

In this paper we compute the second best inflation tax rule in models where
real balances are an argument in the utility function. We identify local con-
ditions that extend the global conditions of separability and homotheticity in
Chari, Christiano and Kehoe (1996), as sufficient conditions for the optimal-
ity of the Friedman rule. Furthermore we establish an equivalence between
the models with money in the utility function and more fundamental models
of transactions technologies, and show that the wide class of transactions
technologies where the Friedman rule is optimal satisfy the local conditions
for the optimality of the Friedman rule in the money in the utility function
specification.

The characteristic of real balances that is determinant for the general
optimality of the Friedman rule is the fact that money is a free good meaning
that the production cost of money is zero, i.e. the production possibilities
in these economies are not affected by a change in the quantity of money.
For this reason, the usual intuition of the comparison of the marginal excess
burdens of alternative taxes that give the same revenue, no longer applies.
The optimal decision here consists in the following comparison: An increase
in the quantity of money generates a benefit for the households in terms of
utility and a cost equal to the value of the marginal effect on government net
revenues. At the point of satiation in real balances the marginal utility benefit
is by definition equal to zero. We show that under reasonable preferences
specifications the marginal impact on government net revenues is also equal to
zero, at that point of full liquidity. Therefore the Friedman rule is optimal. In
less adequate specifications for preferences, in terms of its micro-foundations,
where the Friedman rule is not optimal, it is nevertheless very close to the
optimum.

The main conclusion of this paper is that the optimal taxation results
in monetary models are much more robust than the public finance results
derived in other economic environments. In particular, the Friedman rule,
i.e. a zero inflation tax, is a general result for monetary economic structures
with reasonable micro-foundations. This normative result has no counter-
part in the public finance literature where the optimal policies depend on
the structure of preferences and technologies. The neat and successful prac-
tical recommendation of Friedman is reinforced now that it is shown that its
optimality extends to a second best environment.
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